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Forward Difference Approximation (1)

f(x+h)—f(x)

/ _ -
Fla)=im h
. f(x+Ax)—f(x)
= lim
Ax—0 Ax

for a finite Ax >0
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Forward Difference Approximation (2)

flx] 4

X X+AX

Figure: forward difference approximation
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Forward Difference Approximation (3)

a forward difference approximation
as you are taking a point forward from x.

To find the value of f/(x) at x = x; ,
we may choose another point Ax forwad as x = x;1 .

- f(x+ Ax)—f(x)

f'(x) A

_ f(xip1) = f(x)

F'(xi) ~ Ax
_ i) = ()
Xi41 = Xi
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Backward Difference Approximation (1a)

forward difference approximation
for a finite Ax>0,

£ ~ f(x+AAxX) — (%)

backward difference approximation
for a finite Ax<0, then —Ax >0,
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X Xx—AXx

Figure: backward difference approximation (a)
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Backward Difference Approximation (2a)

forward difference approximation
for a finite Ax>0,

f(x+ Ax)—f(x)

' ~~
(x) Ax

backward difference approximation
for a finite Ax>0, then —Ax <0,

_ f(x)—f(x—Ax)
Ax
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flx]

Figure: backward difference approximation (b)

Young W Lim Differentiation of Continuous Functions



Forward Difference Approximation
Backward Difference Approximation
Taylor Series

Central Divided Difference

Approximations of a first derivative

Backward Difference Approximation (3)

a backward difference approximation
as you are taking a point backward from x.

To find the value of f/(x) at x = x; ,
we may choose another point Ax backwad as x = x;_1 .

fl(X) ~ f(X) _ fA()):i AX)

_ f(xi) = f(xi-1)

! H ~
f(xi) Ax
_ fxi) = f(xi-1)
Xi = Xj—1
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Taylor Series (1)

the Taylor series of a function f(x),
that is infinitely differentiable at a point a is the power series

o)+ P )+ A e
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Taylor Series (2)

If f(x) is given by a convergent power series
in an open disk centred at a,
it is said to be analytic in this region.

Thus for x in this region,
f is given by a convergent power series

F(x) = f(a)+ F(a)(x — a) + f(a) (x—a)2+---
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Approximating the first derivative

A Taylor expansion approximate f(x), using f(a),f'(a),f"(a),---,

f(a)
2!

f(x):f(a)+f/(a)(x—a)+ (x—a)2+~-~

@ for forward difference approximatin

Xi=a, Xit1=X, Ax=Xiy1—X

@ for forward difference approximatin

xi=a, X_1=x, Ax=x—xj_1
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Deriving Forward Difference Approximation (1)

A Taylor expansion approximate f(x), using f(a),f'(a),f"(a), -,
(&)

f(x)=f(a)+f(a)(x—a)+ o (x—a)?+---
Let x; =a and xj11 = x
fll X;
F(xi1) = FOi) + £/ (x) (i1 — i) + 2(, )(Xi+1 —xi)? 4
Substituting for convenience Ax = xj;1 — X;
' (x;
f(xiy1) = ) + £ () (Ax) + 2(| ) (Ax)2 + -
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Deriving Forward Difference Approximation (2)

(%)

Flxien) = F0)+ P00 (B) + 0 (a2

i)~ F0) ~ 0D (A2 = () ()
f Xj —f X f”(X,') /
Cie) ~ 106 709D (n) = £1()

f(xiy1) = F(x) _
S T 0(Ax)= ()
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Deriving Backward Difference Approximation (1)

A Taylor expansion approximate f(x), using f(a),f'(a),f"(a), -,

f”(a)
!

5 (x—a)2+---

F(x) =f(a)+f(a)(x—a)+

Let x; = a and x;_1 = x

(%)
21

F(xi-1) = F0i) +F/(x) (xi-1 —x:) + (-1 =x)2 4+

Substituting for convenience Ax = x; — xj_1

Flxi1) = F0) — F10)(B) + 0D (a2
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Deriving Forward Difference Approximation (2)

1) = )~ ) () + 70D (g2

) (Bx) = F() — F1) + o (A2

_ ) = flxiy) | (%)

o) = (B

() = FONZ T | o)
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Forward and Backward Approximation

@ for forward difference approximatin
Xp=a, Xit1=X, Ax=Xip1—X

f/(Xi) _ f(X/'+]X; f(Xi) + O(AX)

@ for forward difference approximatin
x;i=a, X_1=x, Ax=x—xj_1

f/(X,‘) _ f(X/) ;i(xifl) 4 O(AX)
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Approximation Errors

@ the O(Ax) term shows that the error in the approximation
is of the order of Ax

@ both forward and backward difference approximation

of the first derivative are accurate on the order of O(Ax)

@ to get better approximations

@ the Central divided difference approximation of the first derivative.
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Deriving Central Divide Approximation (1)

f(a)

o (X,a)2+.4.

f(x) =f(a)+f(a)(x—a)+

Forward difference approximation :
Let x; = a and x;11 = x, and substitute Ax = x;11 —X;

(%)
21

Fxip1) = F06) + /() (xip1 —x;) + (i1 —x7)2 4+

Backward difference approximation :
Let x; = a and x;_1 = x, and substitute Ax = x; — x;_1

f”(X,‘)
2!

f(xi—1) = F(i) + £ (%) (xi—1 — i) + (Xi—1—x7)%+--
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Deriving Central Divide Approximation

F(xis1) = F(x;) + F (x:)(Dx) + ( )(A )2+ e (X')(AX)3+...
f(x,»fl):f(x,-)ff/(x,-)(AxH@(Ax)z 09 (...
subtracting eq(2) from eq(1)
2F3)(x;)

f(xit1) = f(xi-1) = 2 (x;) (Ax) + 37(&)3 Foe

2F3) (x;
(X, 1) 3|( I)(AX)3,

2f"(x;)(Ax) = f(xip1) —
; xi1)  FO0x
f’( )= f( ,+1)(Af)( i— 1) 3(! ')(Ax)z—‘“
f/(X') f—(XH»l;A:(Xy 1) + lo) ((AX)z)
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@ Approximations of a first derivative
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Central Divided Approximation

flx]

_fIx+Ax) = flx=Ax

[ix 2Ax

x—Ax X X+Ax

Figure: central difference approximation
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Tangent Lines

@ash—0,Q—P
and the secant line — the tangent line

@ the slope of the tangent line

i f(a+h)—1~(a)
Mtangent = hl—% (3+ h) .

o flan ()
a0 h
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