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Sampling and Normalized Frequency

w,t = 2mf,t
i | i | t=nT, T, : sampling period
w,nT,=2nf,nT,
1 :
fo=7" T, : signal period
0
=2,
TO
T
=2nn— I — fo normalization
TO TO fs
=2nnF F. =fT. = & normalization
0 0 0~ s f
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Analog and Digital Frequencies

Analog Signal Frequency

Wt =27 f,t

S ‘ ‘ S
nw, ', =2xnf,T,

W, Ty = €2 " ‘ foTs=F,
Q.n=2nxnkF,
Digital Signal Frequency
Digital Si | oun on Lim
igital Signals 5 Yi 9%1/9517
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Multiplying by T_ — Normalization

Wyl = 27 fo ( Analog Signal
. TS . TS Normalization
QO n=2mn FO Digital Signal
Digital Signals 6 Young Won Lim
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Normalization

FO — fo . TS fo-T, Multiplied by T,
— fO / fs folf, Divided by f.
folf,<0.5
_ Sampling Rate
QO — 2 JU FO Minimum
Digital Signals Young Won Lim
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Normalized Cyclic and Radian Frequencies

Normalized Cyclic Frequency

f, cycles/second

F, cycl le =
o Cycles/sample f. samples/second

Normalized Radian Frequency

w, cycles/second

Q, cycl le =
o cycles/sample . samples/second

Digital Signals 8 Young Won Lim
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Periodic Relation : N, and F,

j(ZW(n"'No)Fo) _ j(23'an0) J2mm _ 1
— e —
Digital Signal Period N,
: the smallest integer
i2ntN.F j2mem __ Periodic Condition
eJ oMo =) eJ — ]_ . integer m
2aN,F,=2mm N,F,=m
Digital Signals 9 Young Won Lim
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Periodic Condition : N, and F,

2N, F, = 2mm N, F, =m

=
1
\
1

= |
. — g - Integer * Rational :
m T must be an Integer
S

Digital Signal Period N, Periodic Condition
: the smallest integer : the smallest integer m m # TS
m-=p
reduced form
Digital Signals i
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Periodic Condition : N, and F, in a reduced form

Integer reduced form

|

M . T
N.=— =m —0 = m i @ Integer * Rational :
0 F T must be an Integer
0 S p
> f
\
\ ‘
Rational numbers
Digital Signals 11 Young Won Lim
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N, and F, in a reduced form : Examples

reduced form

Ip _m _ q Ny>q
F = n="T_,. 0
" g °"F, " p m= p

Rational integer integers

the smallest integer m

1 _ 2678 _2:1.339 _2 =3 me 4017

F, 4.017 3-1.339 3
0 N,=2 N,# 2678

1_10_25_2 m=3 m#15
F, 15 35 3
0 Ny,=2 N,#10
Digital Signals 12 Young Won Lim

Octave Codes (0A) 11/9/17



Periodic Relations — Analog and Digital Cases

ej<2n(n+No)Fo) — ej(2nnF0) ej(znfo)(t"'To) — ej(znfo)t
Digital Signal Period N, Analog Signal Period T,
: the smallest integer : the smallest real number
m T 1
0 S 0

4 4
kNoFo: kTofo:

integer multiple of m all integers
- some integers m

Digital Signals 13 Young Won Lim
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Periodic Conditions — Analog and Digital Cases

NF,=km Tf,=k-1
N — km Integer N, T —_ kl Real T,
F Rational F, f Real f,
0 0
Minimum Integer N, Minimum Real T,
1
Ny =q F,= P Iy=—
q fo
m=p reduced form m=1
m
N, = s
prq
Digital Signals i
e oo 14 o
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Periodic Conditions Examples

NF,=k-m Tf, =k-1
m 1
N 0 —_ Integer N TO — Real T
0 fo
given given
F,= % km: multiples of 36 fo= % k: all integers
19 19
0 36 1-m =36 0 36 1-1=1
19 19
2N, =72-— ‘m= 2T =2.—= 1 =
0 36 2:m=72 0 36 2:1=2
19 19
3N,=108-— m = 3T, =3 — =
0 36 3-m = 108 0 36 3-1=3

Digital Signals

15 Young Won Lim
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Periodic Condition of a Sampled Signal

g(nT,)= Acos(2nf,T,n+0) 2nF,n=2mm F,n=m
m |
Fo=f,T.=f,/f. — FO:; integers  n, m
gln]= Acos(2mFyn +6) Rational Number  F, =1
n
integers NS

The Smallest Integer n

N, = min(n) FOZNﬂ
0

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals 16 Young Won Lim
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F, and N, of a Sampled Signal

Rational Number F, Integer N,
-_m_p .
Fo=75 = integer n,m,p.q NoF,=m
T
FO:&:_S real f,,f,T,,T, Nozﬂzm-ﬂ:m-ﬁzmi
fS 0 FO Ts fO p
2n F,n 2nf,T.n
M.J. Roberts, Fundamentals of Signals and Systems
Digital Signals 17 Young Won Lim
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A cosine waveform example

n=[0:19]; n=[0:19];
X= cos(2*pi*1*(n/10)); =—2nF,n=2xnf,T.n=— X= cos(2*pi*(1/10)*n);
]_ fO Ts

T =n-— F. =T =—=— nT.=n-1
n S n 10 0 fO S fs To S

2nf,nT, 2nf,nT,

1 . 1

— Aepn.— =2m-—-n-1

=2m-1n 10 T 10 n
T.=0.1 T.=1
fo= (Toz 1) fo=0.1 (Tozlo)
F,=f,T,=0.1 F,=f,T,=0.1

U of Rhode Island, ELE 436, FFT Tutorial
Digital Signals i
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Two cases of the same F, =1 T_

cos(2mf t) cos(2mf t)

\ |

many possible F,'s T. specifies [,

T s
. specllfles 0 many possible [,'s

cos(2m F n) cos(2m F n)

U of Rhode Island, ELE 436, FFT Tutorial
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The same sampled waveform examples

cos(0.27n) cos(0.2mn)
2nf,nT, 0.1=f,T,
2mtn/10 0.1 =F,
n=[0:19]; n=[0:19];
X= cos(2*pi*1*0.1*n); 2nFon=2nf,T.n X= c0oS(2*pi*0.1*1*n);
T.=0.1 T.=0.2 T.=0.5 T.=1
fO: fO:()'S fo:O-Z f0:0.1
F,=0.1 F,=0.1 F,=0.1 F,=0.1
U of Rhode Island, ELE 436, FFT Tutorial
Digital Signals i
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Many waveforms share the same sampled data

The same sampled data

1.00000

0.80902 2rtn/10
0.30902

-0.30902 2nnf,T,
-0.80902

-1.00000 0 N
-0.80902

-0.30902 01=7f.T
0.30902 f 0=s

0.80902 _
1.00000 0.1= FO

0-80902 710 0.5 ‘; 1.5 I2 25 3

0.30902 S

-0.30902 3

-0.80902 . . .

-1.00000 % H M J T, =0.1 _ ' ' | T
T.=1

-0.30902 ; y i

0.30902

-0.80902 .
0.80902 ) : - : .

o

=~
I
_ O
f—

-0.5

%]
_

o

1.00000
0.80902 1 — :

0.30902 \ ?:110 m :
-0.30902 ; 0~
-0.80902 \\L /V
-1.00000 , , , ,
-0.80902 0 : + " C 0 - - ¥ . 2

-0.30902 .~

0.30902 30
0.80902

U of Rhode Island, ELE 436, FFT Tutorial
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Different number of data points

X= cos(2*pi*n/10);

[0:19]; [0,---,19] 20 data points
t = [0:19]/10;
y = cos(2*pi*t);
ﬁtﬁ&“gay) size([0:19], 2) = 20

L[]
t2 = [0:199]/100; T
y2 = cos(2*pi*t2),

plot(t2, y2)
[0:199]; [0,---,199] 200 data points
size([0:199], 2) = 200
L
CETTITIT I T T T T T
U of Rhode Island, ELE 436, FFT Tutorial
Digital Signals 29 Young Won Lim
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Normalized data points

X= cos(2*pi*n/10);

t = [0:19]/10;

0.0,

---,1.90] 20 data points

coarse resolution

t = [0:19]/10;

y = cos(2*pi*t);
stem(t, y)

hold on

t2 = [0:199]/100;
y2 = cos(2*pi*t2); |

[0.0,---,1.90] = 2 cycles

[0’...,4n]

plot(t2, y2)

{2 = [0:199]/100;

(0.0,

---,1.99] 200 data points

fine resolution

[0.0,---,1.99] = 2 cycles

Digital Signals
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Different number of data points

[0:19]; [0,---,19] 20 data points

size([0:19], 2) = 20

Xx= cos(0.2*pi*n);

t = [0:19]; [0:199]; [0,---,199] 200 data points
y = cos(0.2*pi*t);
stem(t, y)

hold on

t2 = [0:199]/10;

y2 = cos(0.2*pi*t2), _
plot(t2, y2) size([0:199], 2) = 200

U of Rhode Island, ELE 436, FFT Tutorial

Digital Signals 24 Young Won Lim
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Normalized data points

t = [0:19]; [0.0,---,19.0] 20 data points

coarse resolution

[0.0,---,19.0] = 2 cycles [0,---,4m]
| | | |
x= cos(0.2*pi*n);
t = [0:19]; t2 = [0:199]/10; [0.0,---,19.9] 200 data points
y = cos(0.2*pi*t); _ _
stem(t, y) fine resolution
hold on
t2 = [0:190]/10;
y2 = cos(0.2*pi*t2);
lot(t2, y2
plot(2, ¥2) [0.0,---,19.9] = 2 cycles [0,---,4m]
O I I O O A
T T Tt T Tt Tttt
U of Rhode Island, ELE 436, FFT Tutorial
Digital Signals 25 Young Won Lim
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Plotting sampled cosine waves

X= cos(2*pi*n/10);

t = [0:19]/10;

y = cos(2*pi*t);
stem(t, y)

hold on

t2 = [0:199]/100;
y2 = cos(2*pi*t2);
plot(t2, y2)

x= cos(0.2*pi*n);

t =[0:19];

y = c0s(0.2*pi*t);
stem(t, y)

hold on

t2 = [0:190]/10;

y2 = cos(0.2*pi*t2);
plot(t2, y2)

Digital Signals
Octave Codes (0A)

t = [0:19]/10;

y = cos(2*pi*t);

[0.0,---,1.9] 20 data points

stem(t, y) coarse resolution

{2 = [0:199]/100;

y = cos(2*pi*t2);

[0.0,---,1.99] 200 data points

plot(t2, y) fine resolution

t= [0:19];

y = c0s(0.2*pi*t);

[0.0,---,1.9] 20 data points

stem(t, y) coarse resolution

t2 = [0:199]/00;
y = cos(0.2*pi*t2);

[0.0,---,1.99] 200 data points

plot(t2, y) fine resolution

26
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Two waveforms with the same normalized frequency

X= COS(Z*pi*nllo); COS(ZTH) [0.0,---,1.9] = 2 cycles F,=0.1
16— | .
t = [0:19]/10;
y =[COS(2]*pi*t); o COS(ZJ‘IZ'l'I) fO =1 TO =1 |
pold on | fi=10 T,=o0.1
t2 = [0:199]/100; oF
y2 = cos(2*pi*t2),
plot(t2, y2) 05 |
'1 ~ = L 1 |
0 5 10 15 20
x= cos(0.2*pi*n); cos(0.2mt) -,19.] = 2 cycles F,=0.1
"7 0 0\ '
t =[0:19]; — _
hold on 0 o .

t2 = [0:190]/10;
y2 = cos(0.2*pi*t2);

plot(t2, y2) 05T ]
-1 L ! =
0 5 10 15 20
U of Rhode Island, ELE 436, FFT Tutorial
Digital Signals 27 Young Won Lim
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Cosine Wave 1

X= cos(2*pi*n/10); cos(2mt) cos(2m-1-t)

fo=1 T,=1

- f,=10 T.=0.1
t =[0:29]/10; L ' i ' i
y = Cos(2*pi*t);
stem(t, y)
hold on
t2 =[0:299]/100; 051
y2 = CcOos(2*pi*t2);
plot(t2, y2)

fo=1 ’
T.=0.1

05

F,=f,T,=0.1

_ 1 1 =
0 0.5 1 1.5 2 2.5 @

U of Rhode Island, ELE 436, FFT Tutorial

Digital Signals 28 Young Won Lim
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Cosine Wave 2

x= cos(0.2*pi*n); cos(0.2mt) cos(2m-0.1t)

10 fo=0.1 T,=10
- > f.=1 T
t = [0:29]; 1 ! i i

y = cos(0.2*pi*t);
stem(t, y)

hold on

t2 = [0:299]/10; 051
y2 = cos(0.2*pi*t2);
plot(t2, y2)

>
I

S

f,=0.1 i
T.=1

05

F,=f,T,=0.1

: 1 1 —
0 5 10 15 20 25 < 30 >

U of Rhode Island, ELE 436, FFT Tutorial

Digital Signals

29 Young Won Lim
Octave Codes (0A) 11/9/17



Sampled Sinusoids

g[n]= Acos(2mF,n+ 0) F, 2xF,
gln]=Acos(2mnm/N, + 0) mIN, 2um/N,
g[n]= Acos(€2,n + 0) Q.12 Q,

NO:Fﬂ0 NO;tFiO
gln] = Ae"

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals 30 Young Won Lim
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Sampling Period T_and Frequency f_

FoefoT

S

’\
g(t)=Acos(2xf,t+0) / \

fo(_Fo'fs

g[n]=Acos(2nF,n+ 0) f ? ? f ?

1 . .
T =— sampling period

fs
1 _ f sampling frequency

s .
T, sampling rate
M.J. Roberts, Fundamentals of Signals and Systems
Digital Signals 31 Young Won Lim
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foand F,

g(t)=Acos(2xf,t+0)

727t

g(t) = 4cos

= 4 cos 275-%1
19

19

36 m
fo__

g[n]=Acos(2xF,n+ 0)

72mn

gln] = 4cos

= 4cos 2n-£-n
19

there are _ _ &
many F, Fo=10T,= f.

T,=1 = F,={,

_ 36

F0_19

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals
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T, and N,

g(t)= Acos(2xf,t+6) g[n]=Acos(2nF,n+0)
727t 72mn
t) = 4cos n| = 4cos
g(t) S g[n] 5
= 4 cos 23‘[?'E't = 4 cos 275-%%
19 9
g(t) = 4cos 2n-§-(t+T0) g[n] = 4 cos 2n-§-(n+N0)
19 19
_ 19 there is only one .
o= 36 N, for a given F, My = LE
Fundamental Period of g(t) Fundamental Period of g[n]
M.J. Roberts, Fundamentals of Signals and Systems
Digital Signals i
e Co 33 o
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Real T, and Integer N,

36 36 1

nl=4cos|2mw-——-(n+ N —-(n+ N — N N,=19

gln] 19 ( 0)) 19 (n 0) 19 Mo 0
integer integer integer

N,=19 Fundamental period of g[n]

36 36 36 19
t)=4cos(2mw-——-(t+ T —(t+T —.T T. = ==
g( ) 19 ( 0) 19 ( 0) 19 1o 07 36
integer integer integer

= % Fundamental period of g(t)

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals 34 Young Won Lim
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Cycles in N, samples

Fo — q «= the number of cycles in N, samples

No e= the smallest integer : fundamental period

F,N,

ll
Q

2nF,N,=2mq qcyclesinN,samples

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals 35 Young Won Lim
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Cycles in T, time duration and N, samples

36
g(t)=4cos 2n-1—9-(t +T,) T,= % Fundamental Period of ¢(t)
=l=n =1 cycle in T,=19/36 time interval
0 19 TO g=L1 cycieIn I = Ime Interva
36 :
g[n] = 4cos 2n-1—9-(n +N,) N,=19 Fundamental Period of g[n]
36 q :
F. = — — =
"= 19" N, q=36 cycles in N,=19 samples
1
NO * FO ‘ NO = Fio
M.J. Roberts, Fundamentals of Signals and Systems
Digital Signals 36 Young Won Lim
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Difficult to recognize a discrete-time sinusoid

. ﬁ __ g = the number of cycles in N, samples

! 19 NO 4= the smallest integer : fundamental period

“When F, is not the reciprocal of an integer (q=1),

a discrete-time sinusoid may not be
Immediately recognizable from its graph as a sinusoid.”

poolo 1

19 ~ N,

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals 37 Young Won Lim
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Periodic Condition Examples

gln]= 4cos(2m-
gln]= 4cos(2m-
gln]= 4cos(2m-
gln]= 4cos(2m-

1 cycles in N =19 samples
2 cycles in N,=19 samples
3 cycles in N,=19 samples

36 cycles in N,=19 samples

clf

n =[0:36]; t = [0:3600]/100;
y1 = 4*cos(2*pi*(1/19)*n);
y2 = 4*cos(2*pi*(2/19)*n);
y3 = 4*cos(2*pi*(3/19)*n);
y4 = 4*cos(2*pi*(36/19)*n);
ytl = 4*cos(2*pi*(1/19)*t);
yt2 = 4*cos(2*pi*(2/19)*t);
yt3 = 4*cos(2*pi*(3/19)*1);
yt4 = 4*cos(2*pi*(36/19)*t);

subplot(4,1,1);
stem(n, y1); hold on;
plot(t, ytl);
subplot(4,1,2);
stem(n, y2); hold on;
plot(t, yt2);
subplot(4,1,3);
stem(n, y3); hold on;
plot(t, yt3);
subplot(4,1,4);
stem(n, y4); hold on;
plot(t, yt4);

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals
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Periodic Condition Examples

Digital Signals 39 im
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Periodic Condition Examples

g(t)=Acos(2xf,t+0)

kf,nT, —

Digital Signals
Octave Codes (0A)
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g[n]=Acos(2xF,n+ 0)

—~~

o.
=
~

%}

—_ 1.f0.nT .

%}

I
N

>»
~
Iﬂ

%}

n
Wl N|—= ==

— 3.f0.nT .

M.J. Roberts, Fundamentals of Signals and Systems

Young Won Lim
11/9/17



Periodic Condition Examples

g(t)= Acos(2xf,t+6) g[n]=Acos(2aF,n+0)
g,(t)=4cos|2m-1-t] t€nT, g,/ n] :4cos(2n-1-nT1)
g,(t) = 4cos(2m-2-t| t€nT, g,[n]=4cos[2m-2:nT,|
g,(t)=4cos(2m-3-t| t€nl, gs[n]=4cos(2n-3-nT,
T, = n=0,1,2,3, 1.nT,=0,0.1,0.2,03,- = 1t
T,=+ n=0,1,2 3, 2-nT,=0,0.1,02, 0.3,--- = 2-t
T,= n=0,1,2 3, 3-nT,=0,0.1,0.2,0.3,--- = 3t

tgiln]} =1g.n]}=1g.[n]}

M.J. Roberts, Fundamentals of Signals and Systems

Digital Signals 41 Young Won Lim
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Periodic Condition Examples

4@ T

0=2mn-1

0
2 \g\l\
1 s

0 0.2
r=1
2

0.4

=

0.6

w=2mw2

4@
o) :\:\

i
MV

~__ -~

0]

0 0.2
T.= 1

3=

/l/ 0t

AN

0w=2m3

30
4@ T
-+

AN

SN/

T N NS NS

Digital Signals
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clf

n =[0:10]; t = [0:2000]/1000;
y1l = 4*cos(2*pi*1*n/10);

y2 = 4*cos(2*pi*2*n/20);

y3 = 4*cos(2*pi*3*n/30);

ytl = 4*cos(2*pi*t);

yt2 = 4*cos(2*pi*2*t);

yt3 = 4*cos(2*pi*3*t);

subplot(3,1,1);

stem(n, y1); hold on;
plot(t, ytl);
subplot(3,1,2);
stem(n/20, y2); hold on;
plot(t, yt2);
subplot(3,1,3);
stem(n/30, y3); hold on;

plot(t, yt3);

M.J. Roberts, Fundamentals of Signals and Systems

42

Young Won Lim
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Periodic Condition Examples

cos(mltl) = cos(mlnTl) cos(o)anl)

TN | 2T, N\

o / o/
\_/ MIIN_/

w, Iy = w, T, , n,I'y=n,T,
'\ /N
2(01 v / \\ /;
\ | T, 2T, NLA
cos(m2t2) = COS((DZH Tz) cos(mn2T2)
Digital Signals 43 Young Won Lim
11/9/17
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Periodic Condition Examples

4cos((nt1) 4cos(oon1) n,-1 T.=1
an /TN

| / / \
\_/ MIIN_/

t, = 2t, n,=2n,
k/\* )(-\/ // \\
\/ \//
4cos(2mt,] 4cos|w2n,| ny2 T =2
M.J. Roberts, Fundamentals of Signals and Systems
Digital Signals 44 Young Wor/1 I7im
11/9/17
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