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Wiener Filters (1)
N Gaussian random variables

Definition

W (t) = X (t)+N(t)

ε(t) = X (t+ t0)−Y (t)

E
[
ε
2(t)

]
= E

[
|X (t+ t0)−Y (t)|2

]
= E

[
X 2(t+ t0)−2Y (t)X (t+ t0)+Y 2(t)

]
= RXX (0)−2RYX (t0)+RYY (0)
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Wiener Filters (2)
N Gaussian random variables

Definition

RXX (0) =
1
2π

∫
∞

−∞

SXX (ω)dω

RYY (0) =
1
2π

∫
∞

−∞

SWW (ω)|H(ω)|2dω

E
[
ε
2(t)

]
=−2RYX (t0)+RXX (0)+RYY (0)

=−2RYX (t0)+
1
2π

∫
∞

−∞

[
SXX (ω)+SWW (ω)|H(ω)|2

]
dω
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Wiener Filters (3)
N Gaussian random variables

Definition

RYX (t0) = E [Y (t)X (t+ t0)]

= E

[
X (t+ t0)

∫
∞

−∞

h(ξ )W (t−ξ )dξ

]
=
∫

∞

−∞

RWX (t0+ξ )h(ξ )dξ
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Wiener Filters (4)
N Gaussian random variables

Definition

RYX (t0) =
∫

∞

−∞

1
2π

∫
∞

−∞

SWX (ω)e jω(t0+ξ )dωh(ξ )dξ

=
1
2π

∫
∞

−∞

SWX (ω)e jωt0

{∫
∞

−∞

h(ξ )e jωξdξ

}
dω

=
1
2π

∫
∞

−∞

SWX (ω)H(−ω)e jωt0dω
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Wiener Filters (5)
N Gaussian random variables

Definition

E
[
ε
2(t)

]
= E

[
|X (t+ t0)−Y (t)|2

]
=−2RYX (t0)+

1
2π

∫
∞

−∞

[
SXX (ω)+SWW (ω)|H(ω)|2

]
dω

=
1
2π

∫
∞

−∞

SWX (ω)H(−ω)e jωt0dω

+
1
2π

∫
∞

−∞

[
SXX (ω)+SWW (ω)|H(ω)|2

]
dω

=
1
2π

∫
∞

−∞

{
SWX (ω)H(−ω)e jωt0 +SXX (ω)+SWW (ω)|H(ω)|2

}
dω
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Wiener Filters (6)
N Gaussian random variables

Definition

H(ω) = A(ω)e jB(ω)

SWX (ω) = C (ω)e jD(ω)

H(−ω) = H∗(ω)

E
[
ε
2(t)

]
=

1
2π

∫
∞

−∞

{
SXX (ω)+SWW (ω)A2(ω)

}
dω

− 1
2π

∫
∞

−∞

{
2C (ω)A(ω)e j[ωt0+D(ω)−B(ω)]

}
dω
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Wiener Filters (7)
N Gaussian random variables

Definition

B(ω) = ωt0+D(ω)

e j[ωt0+D(ω)−B(ω)] = e j0 = 1

E
[
ε
2(t)

]
=

1
2π

∫
∞

−∞

{
SXX (ω)−2C (ω)A(ω)+SWW (ω)A2(ω)

}
dω
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Wiener Filters (8)
N Gaussian random variables

Definition

Sww (ω)

[
A(ω)− C (ω)

SWW (ω)

]2
= Sww (ω)A2(ω)−2C (ω)A(ω)+

C 2(ω)

SWW (ω){
SXX (ω)−2C (ω)A(ω)+SWW (ω)A2(ω)

}
=

{
SXX (ω)− C 2(ω)

SWW (ω)
+Sww (ω)

[
A(ω)− C (ω)

SWW (ω)

]2}
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Wiener Filters (9)
N Gaussian random variables

Definition [
A(ω)− C (ω)

SWW (ω)

]
= 0

Hopt(ω) =
SWX (ω)

SWW (ω)
e jωt0

SWW (ω) = SXX (ω)+SNN(ω)

Hopt(ω) =
SXX (ω)

SXX (ω)+SNN(ω)
e jωt0

Young W Lim Minimum Mean Squared Error



Minimum Mean Squared Error
N Gaussian random variables

Definition

Emin

[
ε
2(t)

]
=

1
2π

∫
∞

−∞

{
SXX (ω)SWW (ω)+ |SWX (ω)|2

SWW (ω)

}
dω

Emin

[
ε
2(t)

]
=

1
2π

∫
∞

−∞

{
SXX (ω)SNN(ω)

SXX (ω)+SNN(ω)

}
dω
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Parameter Selection
N Gaussian random variables

Definition

Emin

[
ε
2(t)

]
=

1
2π

∫
∞

−∞

Sεε(ω)dω

Sεε(ω) = SXX (ω)−2SXX (ω)H(−ω)e jωt0

+[SXX (ω)+SNN(ω)] |H(ω)|2

Sεε(ω) = SXX (ω)T1(ω)+SNN(ω) |H(ω)|2

T1(ω) = 1−H(ω)e−jωt0−H(−ω)e jωt0 + |H(ω)|2

Sεε(ω) = SXX (ω)
∣∣1−H(−ω)e jωt0

∣∣2+SNN(ω) |H(ω)|2
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