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Y (2) Y' nenl nen-l
/
W i SR)? - (SR, id) shift right exponent
V//// N ! (id, SR) shift right range
o (SR, SR)
(SL, id)
B 0 > ’ / (SL, id) shift left exponent
k ) d VW (id, SL) shift left range

(SL, SL)

(SR, id) + (id, SR) = (SR, SR)

(SL, id) + (id, SL) = (SL, SL)




B Shifting Shifted Sequence 2 ] ]
(1) Exponent Shifting - (SR, id) + (id, SL) = (SR, SL)
(2) Range Shifting (SL, id) + (id, SR) = (SL, SR)

n-1l =N+l

(L)] @™ u(n) X a un) (@1 (2) a:" u(n) ,re—— a un)| (2"
(7)]a™u(n-1) a7 @) | a"uin-1) e a1 | (8
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X (1) X" Exponent Range
Q - <R
(E)‘¢ TS \(3) nenty SR SR
Y (2) ;" nenl nen-l

Wr—f (SL, id) shift right exponent
/L (id, SR) <

(/ /% \ | ! (id, SR) shift right range
(SL, id) (SL, SR)
(SR, id)
/A < /// (SR, id) shift left exponent
fidrst < L /L,/n (id, SL) shift left range
d '
(SR, SL)

(SL, i_d) + (i_d, SR) = (SL, SR)







A Shifting Shifted Sequence 1

Butterfly Relations |, ., ifted Shifted
Sequence x Sequence 1 X'
X (1) X' Exponent Range
— S|
(3) (3) et SR SR
Ln-l) SR ¥ L
Y (2) Yl nen-l nen-1
(*) unit
qfarfing

C.R.
starting

(*) C.R. (*) C.R.
starting starting
(51 *a<—‘§l m {5,1 (6} /a « (S| Igi
l7=41f' 1\ /Z=41n- 1\
(oL, SL) ! ~\OL, 5L)
L 2 ¢
unit *2 = (SR, SR) unit *Z = (SR, SR)
starting starting
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_ A Shifting Shifted Sequence 1
Butterfly Relations . ifted ) Shifted
Sequence x Sequence 1 X'
X (1) X' ~ Exponent @ Range
(3) (3) nen+l SL f
nenl 1SR SR
Y (2) Yl nenl nen-l1
: ] : (SR, 1d) (SL, id) [§| ,] (SR, id) (SL, id)
(id, SL) (SL2, SL) (id, SL) (SL2, SL)
(id, SR) (SR2, SR) (id, SR) (SR2, SR)
(SL, id) (SR, id) (SL, id) (SR, id) SR
(SR, id) (SL, id) (SR, id) (SL, id)
(id, SL) (SL2, SL) (id, SL) (SL2, SL)
(id, SR) (SR2, SR) (id, SR) (SR2, SR)
ﬁf@‘(ﬁﬁwﬁﬁ@ﬁﬁm
(SL,id) (SR, id) (SL,id) (SR,id)




. A Shifti i
Decomposition of ifting Shifted Sequence 1

Exp and Rhg Shifts (1) geonaced mmmp onired el x

(id, SR) + (SR, id) = (SR, SR)

Exponent Range

— S|

N—<«—pn-+1
7 ATt

|
SR SR
n < n-1

SR y

nenl nen-l1

(id, SR) 4 (id, SR) Q
| *z= (SR, SR) \ *z= (SR, SR)

/a = (SR, id) *a = (SR, i




Decomposition of A Shifting Shifted Sequence 1
Exp and Rng Shifts (2) Unshifted Shifted

Sequence x Sequence 1 X'

(id, SL) + (SL, id) = (SL, SL)

Exponent Range

e— S |

n-—-n+1
A At

SR SR

n < n-1
= . 2

nenl nen-l1

/a «(SL, id)
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%
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Decomposition of A Shifting Shifted Sequence 1
Exp and Rng Shifts (3) Unshifted Shifted

Sequence x Sequence 1 X'

(SR, id) + (id, SR) + (SR, id) = (SR2, SR)

X (1) ' Exponent Range
A+ SL i
(3) (3) neni 1SR SR
2 SR
Y (2) Yl ne<n-l ne«<n-l

(id, SR) (SR2, SR) (id, SR) (SR2, SR)
ﬂﬁﬁ‘fﬁmﬁﬁfﬁ%
(CD HP= AY (CD HPRAY SR
(oK, 1a) (oK, 1a)
(SR, id) (SR, id)










Intra-Permuations over (1) ~ (8)

Unshifted . Unshifted

Sequence X i) Sequence x
N N
Jwfaun] ) Jwla ]
/ \ / o
| @|a™un] | [ @|amun] |

\ 1
(3)|a™ u(-n) \ (3)|a"™ ut-n
1
(D a™ u(-n) (4)] @™ u(-n)
5)|la"u(-n-1) 5)|la"u(-n-1)
6)| a™u(-n-1) 6)| a™u(-n-1)
\ l \ I
\ ®a"uny] \ N]a"unn]
\ / \ /
\(8) a’umn-1) / \(8) a’un-1) /

Inter-permutations over unshifted sequnce and shifted sequence

Intra-permutations over unshifted sequence

————Intra-permutations over shifted sequence




Intra-Permuations over (1') ~ (8')

Shifted : Shifted

Sequence 1 x' i) Sequence 1 X'

T e T ——
Yol N\ ~ N\
/ a™un) (1Y) \ / a™umn) (1Y \
( \ [ \
a™tun|@) | a™un]2) |
\ \
a""u-n)|(3") aun)|(3)
-n-nu( ) (4") a-n-nu( ) (4"
a’u(-n-1)|(5" a™ln1)|G")
a’l(-n-1)|(6") ai-n-1)|(6")
a™ln-1|(7) a7 |
[ | | I
alin-1|®) / [ |a™nn]e) )

Inter-permutations over unshifted sequnce and shifted sequence

Intra-permutations over unshifted sequence

Intra-permutations over -shifted seguence
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n

a hrd R(n)
a* a"'| u(n) u(-n-1)
X
a"' a"' u(n-1) u(-n)
a™ = —1 u(n) Ane u(n)
IS A E KA
n-i SSATN Al = ~\ A
a™ " u(-n) a™ [ > u(-n)
N e n+2o0r
Nen-2
(1) @™un)  a™un) (29 1 a™in a™umn (2"
3) a™'un)  a™uen) (4 [3) a™in)  a™uen) 4"
(5 a™n1) a"in-1) (6" (5") a™l(-n-1)  a™n-1) (6"
(79 a™ln-1) @™ (8 (7 a™ 1) dn (8")







permutation over (1) ~ (8) (X) =m—p ()

A. Flipping (1) - (4) (5) - (8)
Base Inverting —— 2)-63)——A6)-(7)
Range Flipping (3) - (2) (7) - (6)
(4)-(1) (8) - (5)
. B. Range Shifting (1) -(7) (5) - (3)
Range Flipping (2) - (8) (6) - (4)
Range Complementing (3) - (5) (7) - (1)
(4)-(6) (8)-(2)
Base Inverting (6) : (1) (6) : (1)
Range Complementing (2) - (5) (7) - (4)
(5) -(2) (8) -(3)
permutation over (1') ~ (8') (X') mmmmdp (Xx')
D. Flipping?2 (1') - (4') (5') - (8')
Shifted Range Flipping (3)-(2)  (77-(6)

\F ) =\ \0 ) =-1(2J)
Hfﬂffﬁgz—tf)fﬁ*)—ﬁr)—(}r)i
Shifted Range Flipping (2") - (8" 6') - (4
Range Complementing 54312 5 2 7 - (1

(4% -(6') 8 2

F. Complementary Inverting (1"

= N

—_ ~ A~~~
~— N N N N

1 1 1 1
—_ —~ —~
~ N N = N

(
Base Inverting - (

Shifted Range Flipping = Exponent Shifting2 + Range Flippping

Exponent Shifting2 + Range Flippping+ Range Complementing

Exponent Shifting2 + Range (Flippping+Complementing)
- - g

Exponent Shfiting2 + Range Shifting




Permutation over (1) ~ (38)

Permutations A B C
Base Inverting X X
. Range Flipping X X

Permutation over (1') ~ (8')

Permutations D E F
Base Inverting X X
X X

Shifted Range Flipping

Range Complementing X X

Shifted Range Flipping = Exponent Shifting2 + Range Flippping

Shifting2 = Shifted Range Flipping + Range Complementing

= Exponent Shifting2 + Range Flippping+ Range Complementing
—E t Shiftina2 + R (Fli - C | ting])

= Exponent Shfiting2 + Range Shifting




Over (1) ~ (8)

- —nN
Base Inverting a’ ) g

| RangeFlipping  R(n) 4sss) R(—n)

Over (1') ~ (8')

| Base Inverting a G g

n —n

Shifted R Eli . nR[' ) ~ sh}Ian[ }




Range Flipping

Al Flipbi “E;Ei a2
Base Inverting ase Inverting

Shifted Range Flipping ’

an “ a—n

an ' ' a—n

R(n) 4wy R(—n)

Ny A

nR( ) ~ shBian[' }

— 77.

a'R(n) @) g "R(—n) | a RN a —n
B.l Range Shifting E.l Shifting2
Range Flipping Shifted Range Flipping

Range Complementing

Range Complementing

R(n) 4wy R(—n]

anR(n) ﬁ ash2in|R(_n)

C.l Complementary Inverting IF-I Complementary Inverting I
Base Inverting

Range Complementing Range Complementing
an ~ a_n an ' ' a—n
Rin) e== R(n) | R(n) mep Rn) |
a "Rin a"Rin a "Rin




A.l Flipping

D.I Flipping2

verti i
ippi Shifted Range Flippin
(1)| a® uln) X a™ un @) (1[ @™ ~_ a™uin)| 2"
3)l a™ u(-n) a™"ui-n)|(4) (3") a""u(—n)A a™uen) | @
(5)|@"u(-n-1) <A a’u(-n-1)| (6) (5) a"*d(-n-l)v a"l(-n-1)| (6")
M| arun-1) == a"un-1)|(8) (7| a™hin) = a™ 1) | (8

Range Shifting

E.l Shifting2

iTte

ange

ipping

| RangeComplementing =~ Range Complementing

A+l

1) a” uin) a™ un @) (19| @™ un) a™umnl @)
(3)|a™ u(-n) a™un)|(4) (3] a™u(-n) a™un)| (4
5){a"un-1) a’u(-n-1)| (6) (59 a™(-n-1) aln-1)| (6"
Nlauin-1) A" uin-1)|(8) (79 a™u(n-1) a™lin-1| (8
C

Range Complementing

.] Complementary Inverting 'F.l Complementary Invertingi

Range Complementing

W[a"vn) k—Aa" vn]@ @) a"un ¢ atumn| @
3)| a”™ u(-n) \\ // a™"ui-n)|(4) 39| a™"ut-n) a™uen)| 4
(5)|a™u(-n-1) /j é\ a’u(-n-1)| (6) (59 a™i-n-1) // Y &"U(-n-1)] (6
|aruin-1) \|a"un-1)[(8) (7 [a™bin-1) [/ Na™iin-1)| (8




A.l Flipping

Base Inverting
Range Flipping

D.I Flipping2
Base Inverting
Shifted Range Flipping

)| a" v == a™ un @) (1] @™l ~—— a"un)| (2"
3) [a™ v k22X g uien) [ @) 3] @™ un) e a™ui-n)| (4"
(5) a"u(—n—l)X a’u(-n-1)| (6) (5') a'"d(-n-l)X alin-1)| (6"
N |auin-1) a’"un-1)](8) (79a™tn-1) a™ln-1)] (8
(L) @™ u(n) \ ar uin 1) @y atun N\ amun ]
(2)[a™ uln) a™ un () @) g un) % a™un]@)
c)ifa ven] /0 N\ Jar uen]z) efa™en] /0 N\ [a™un)|E)
@) a" u-n) a™" u-n) [(4) () a™%(n) a™u-n |4
(5) a"u(—n—l)\ au(-n-1)[(5) 59Na™n-1) \ a™li-n-1)|(5"
O a™u(-n-1) a’"u(-n-1)| (6) (&) a™(-n 1)>§ al-n-1)|©"
(7)|a™u(n-1) / \ aun-1)[(7) (7 a™ln-1) / \ ‘a"'h(n—l) (7")
@Na"un-1) aun-1)|(8) B8N a tin-1) a™tn-1)((8"

(1) - (4) (5) - (8) (1') - (4") (5') - (8

(2)-(3) (6)=(7) (2 -(3" (6")-(7Y

(3) - (2) (7) - (6) (3") - (2" (7') - (6")

(4) -(1) (8) - (5) (4') - (1') (8") - (5"




B.l Range Shifting E.l Shifting2 o
Range Flipping Shifted Range Fllpp_lng
Range Complementing Range Complementing
(L) a™ u(n) va"u(-n—l) (3) [ auin a"u-n){ (3
(5)f @™ utn) k==X amu(n-1) |(7) (5') a'"d(-n-l)z a™un-1)(7")
(2) a-l‘l U(n)’ a-n u(_n) (4) (2|) a-ﬂ'lu(n) a-ﬂ+lu(_n) (4|)
(6) a-nu(-n-ljz a’un-1)|(8) (6" |a@™(-n 1)X a™lin-| (s
(1) a™ u(n) \ a® un (1) @y arun) \ / amun) (1')
@fa” )\ [ [a"uw]e @[a ]\ [ [a " um]@)
3)[a™ ul-n) \ / a" u-n)|3) 39 a™ " un) \ / a"u-n|3Y
(Dl a™ u(-n) \ a™" ui-n) [(4) (4 a™un) a"uen) | (4"
Glla™u(-n-1) au-n-1)|5) G a™len-1) % a™l(-n-1)[(5")
©la™uenn|// |\ \[a@uenD]®) ©)adunn/ [\ [@"en-)|(6)
laun-1) / \ a*uin-n ) T)a™ -1 / \ a7
@) a™un-1) a’uin-1)|@8) @) ain-1) atin-1)](8"
(1) - (7) (5) - (3) (1)-(7) (59 -(3)
(3) - (5) (7) - (1) (3)-(5) (79 -(1)
(4) - (6) (8) - (2) (4 -(6")  (8)-(2"




C.l1 Complementary Inverting
Base Inverting
Range Complementing

F. Complementary Inverting

Base Inverting

Range Complementing

(1] @ utn) a™ un @) arun) >
(5) a"u(-n-l)z a"'u(-un-nl) (6) a"*d(-n-l)X a"l(-n-1) 26';
3)|a" u(-n) a™"uin) (4 (- i .
= e S e = F e
(1) a® un \\ // a" un) arun) \\ am (1)
2)la™ u(n) \{\ /é a™" un) aun) \Q\ u(m] )
(3)|a™ ul-n) \\/\/ // a" u(-n) a" " u-n)|\ \/& / a" u-n)|(3")
(4)l @™ u(-n) % \\()SK a™" u(-n) “™U(-n) )| (4°)
B)aru( n-l)’// \>(\ [@"un a™l(-n-1) A \a u(-n-1)|(3")
(6)] @™u(-n 1)/7/ \}\ au(-n-1) a"l(-n-1) /7/ W\ [@n1)]6"
(7)fa"u(n-1) // \\ a"u(n-1) a"u(n-1) \ a"un-1)|(7")
®) @ o] (@ o) aln-1) atin-1)|@")

1)-(6)  (5)-(2) (Ly-(6) (57 -

(6) - (1) (6) - (1) (69 -(1) (6") -

50 ®-0 5120 (8-







A.l Flipping

(1) Base Inverting
(2) Range Flipping

D.I Flipping2

(1) Base Inverting
(2) Shifted Range Flipping

(1) a® uln) X a™ un @) 1| @™ ~——{ & un)| (2"
3)[a™ uin) a™"uin)|(4) 3| a™"uln) e g™n) | (4)
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b" b b" b—shz(n]
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B.I Range Shifting E.l Shifting2 o
(1) Range Complementing (1) Shifted Range FI|pp_|n1
(2) Range Flipping (2) Range Complementing
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) a™ uin) a™" u(-n)[(4) (2") | a™ " u(n) ~_—— " u(-n) |(4)
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=
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(1) Base Inverting (1) Base Inverting _
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u(n—-1) u(—n) u(n—1) u(—n) S

u(—n) u(n) u(—n) u(n) .

u(—n-1) u(n—1) u(—n-1) u(n—1)




A.l Flipping
(1) Base Inverting
(2) Range Flipping

D.I Flipping2
(1) Base Inverting
(2) Shifted Range Flippin
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B.I Range Shifting

(2) Range Flipping

(1) Range Complementing

E.l Shifting2

(1) Shifted Range Flippin
(2) Range Complementin
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ashZ{an(‘_n)
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(1) Range

(1) Shifted Range

Complementing

Flipping
MY




F. Complementary Inverting
(1) Base Inverting
(2) Range Complementing

C.l1 Complementary Inverting
(1) Base Inverting
(2) Range Complementing
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(2) Range

(2) Range

(2+

(2) Range

Complement

(1) Base
Inverting

(1) Base
Inverting







/

A.ll Flipping
Base Inverting
Range Flipping

D.Il Flipping2
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a" u(n) a" u(n-1) a" un) a'u(n-1)
5) 0100 (3) 0010 (5') 1100 (3) 1010
a" u(-n-1) a® utn) a™u(-n-1) a™" u(n)
(2) 0001 (8) 0111 o (2') 1001 (8') 1111 o
a™ un) a" u(n-1) a-"-' u(n) a™'un-1)
(6) 0101 (40011 (6') 1101 (4" 1011
\\ \\ \\ \\\
a" u(-n-1) a"ui-n) a™ u(-n-1) ™ uln)
Range Shifting Shifted Range Flipping
= Range Flipping = Exponent Shifting2
+ Range Complementing + Range Flippping
R(n) 4mesd R(—n) a'R(n) 4wy q"°'"'R(—n)
R(n) ¢4ssp R(—n) a"R(n) sy q"""'R(—n)
~ R(n) ¢==p R(n) R(n) 4wy R(n)




C.ll Complementary Inverting
Base Inverting
Range Complementing

F.Il Complementary Inverting
Base Inverting
Range Complementing

(1) 0000 g."' u(-n-1) (1) 1000 a™'u(-n-1)
V . Y \\
a" un) (6) 0101 a™ un) (6') 1101
(5) 0100 (2) 0001 (5') 1100 (2') 1001
A" u(-n-1) a™ uln) a™ u(-n-1) a"' u(n)

(3) 0010 (8) 0111 (3') 1010 (8" 1111

7 ] — \-

a" u(-n) a™un-1) a"" un) a™ u(n-1)

(7) 0110 (4) 0011 (7) 1110 (4') 1011
a" u(n-1) ™" u(-n) a' u(n-1) "™ u(-n)

a'R(n) 4ss=) a "R(n| a"R(n) 4=y q "R(n)
an ' ' a—n n h a—n

R(n) 4w=p R(n)

R(n) 4¢esp R(n)













