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Complex Numbers
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Reference Angle (1)

y

−x 1

−x , y

−1

2nd Quadrant Angle θ

y

x 1

x , y 

−1

1st Quadrant Angle θ

sin = y

cos = x

tan = y / x



Reference Angle α

sinθ = + sinα = (+ y)

cosθ = − cosα = (−x)

tanθ = − tanα = (+ y)/(−x)

 = 180 ˚ − 




90 ˚    180 ˚
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Reference Angle (2)

−y

1

−x , − y 

−1

3rd  Quadrant Angle θ

−y

1

x , − y

−1

4th  Quadrant Angle θ





Reference Angle α Reference Angle α

sinθ = − sinα = (−y)

cosθ = − cosα = (−x)

tanθ = + tanα = (−y)/(−x)

sinθ = − sinα = (−y)

cosθ = + cosα = (+ x)

tanθ = − tanα = (−y)/(+ x)

 =  − 180 ˚  = 360 ˚ − 





−x x

270 ˚    360 ˚180 ˚    270 ˚
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Reference Angle (3)

sin = − sin

cos = − cos

tan =  tan

sin = − sin

cos =  cos

tan = − tan

sin = sin

cos = cos

tan = tan

sin =  sin

cos = − cos

tan = − tan

Reference Angle α

All +only 
sin +

only 
tan +

only 
cos +

 =  −   = 2 − 

 =  −   = 

A Quadrant Angle θ

−x , y x , y 

−x , − y  x , − y
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Symmetry

http://en.wikipedia.org/wiki/Derivative
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Shift by +π/2



x , y 

α + π
2

cos(α + π
2
) = −sinα

sin(α + π
2
) = +cosα

tan (α + π
2
) = −cotα

cot (α + π
2
) = −tanα

(− y , +x)

csc (α + π
2
) = +sec α

sec(α + π
2
) = −csc α
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Shift by -π/2



x , y 

cos(α − π
2
) = +sinα

sin(α − π
2
) = −cosα

(+ y , −x)

α − π
2

tan (α − π
2
) = −cotα

cot (α − π
2
) = −tanα

csc (α − π
2
) = −sec α

sec(α − π
2
) = +csc α
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Shifts and periodicity

http://en.wikipedia.org/wiki/Derivative
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Co-function Identities



y

x 1

x , y 

−1

sin = y

cos = x

tan = y / x

π
2

− α

⇒ cos( π
2

− α)

⇒ sin( π
2

− α)

⇒ cot ( π
2

− α)

cos( π
2

− α) = sinα

sin( π
2

− α) = cosα

tan ( π
2

− α) = cotα

csc( π
2

− α) = secα

sec( π
2

− α) = csc α

cot ( π
2

− α) = tanα



Complex Analysis (BGND.1A) 12 Young Won Lim
5/5/15

Angle Sum and Difference Identities (1)



y

x 1

x , y 

−1

π
2

− α

sin (60 ̊ + 30 ̊) = 1

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
√ 3
2

+
1
2
⋅
1
2

= 1

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ

sin(α − β) = sinα⋅cosβ − cosα⋅sinβ

sin (60 ̊ − 30 ̊) =
1
2

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
√ 3
2

−
1
2
⋅
1
2

=
1
2
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Angle Sum and Difference Identities (2)



y

x 1

x , y 

−1

π
2

− α

cos(30 ̊ + 60 ̊) = 0

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
1
2

−
1
2
⋅

√ 3
2

= 0

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ

cos(30 ̊ − 60 ̊) =
√ 3
2

sin (60 ̊) =
√ 3
2

cos(60 ̊) =
1
2

sin (30 ̊) =
1
2

cos(30 ̊) =
√ 3
2

√ 3
2

⋅
1
2

+
1
2
⋅

√ 3
2

=
√ 3
2
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Angle Sum and Difference Identities (3)



y

x 1

x , y 

−1

π
2

− α

tan (30 ̊ + 60 ̊) = + ∞

tan (30 ̊) =
1

√ 3

tan (60 ̊) = √ 3

tan (60 ̊) = √ 3

tan (30 ̊) =
1

√ 3

1

√ 3
+ √ 3

1 −
1

√ 3
⋅√ 3

= + ∞

tan (α + β) =
tan (α) + tan (β)

1 − tan (α) tan (β)

tan (30 ̊ − 60 ̊) = −
1

√ 3

tan (30 ̊) =
1

√ 3

tan (60 ̊) = √ 3

tan (60 ̊) = √ 3

tan (30 ̊) =
1

√ 3
1

√ 3
− √ 3

1 +
1

√ 3
⋅√ 3

= −
1

√ 3

tan (α − β) =
tan (α) − tan (β)

1 + tan (α) tan (β)
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Angle Sum and Difference Identities (4)

sinα

cosα

sinβ

cosβ

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ sin(α − β) = sinα⋅cosβ − cosα⋅sinβ

sinα

cosα

sinβ

cosβ

sinα

cosα

sinβ

cosβ

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ cos(α − β) = cosα⋅cosβ + sinα⋅sinβ

sinα

cosα

sinβ

cosβ

sin (α + β)

cos(α + β)
=

sinα⋅cosβ + cosα⋅sinβ

cosα⋅cosβ − sinα⋅sinβ

tan (α + β) =
tan (α) + tan (β)

1 − tan (α) tan (β)
tan (α − β) =

tan (α) − tan (β)

1 + tan (α) tan (β)

sin (α − β)

cos(α − β)
=

sinα⋅cosβ − cosα⋅sinβ

cosα⋅cosβ + sinα⋅sinβ



Complex Analysis (BGND.1A) 16 Young Won Lim
5/5/15

Product to Sum (1)

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ

sin(α − β) = sinα⋅cosβ − cosα⋅sinβ+

+

sin (α + β) + sin (α − β) = 2sinα⋅cosβ

sinα⋅cosβ = 1
2 {sin (α + β) + sin (α − β)}

sin(α + β) = sinα⋅cosβ + cosα⋅sinβ

sin(α − β) = sinα⋅cosβ − cosα⋅sinβ–

+

sin (α + β) − sin (α − β) = 2cosα sinβ

cosα⋅sinβ = 1
2 {sin (α + β)− sin (α − β)}

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ+

+

cos(α + β) + cos(α − β) = 2cosα⋅cosβ

cosα⋅cosβ = 1
2 {+ cos(α + β) + cos(α − β)}

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ+

–

−cos(α + β) + cos(α − β) = 2sinα sinβ

sinα⋅sinβ = 1
2 {−cos(α + β) + cos(α − β)}
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cosα⋅cosβ = 1
2 {+ cos(α + β) + cos(α − β)}cos(α ± β) = cosα⋅cosβ ∓ sinα⋅sinβ

Product to Sum (2)

sin(α ± β) = sinα⋅cosβ ± cosα⋅sinβ sinα⋅cosβ = 1
2 {sin (α + β) + sin (α − β)}

cosα⋅sinβ = 1
2 {+ sin (α + β)− sin(α − β)}

cos(α + β) = cosα⋅cosβ − sinα⋅sinβ
cosα⋅cosβ = 1

2 {+ cos(α + β) + cos(α − β)}

sinα⋅sinβ = 1
2 {−cos(α + β) + cos(α − β)}

sin (α + β) = sinα⋅cosβ + cosα⋅sinβ sinα⋅cosβ = 1
2 {+ sin (α + β) + sin(α − β)}

cos(α − β) = cosα⋅cosβ + sinα⋅sinβ

sin (α − β) = sinα⋅cosβ − cosα⋅sinβ
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