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Gaussian Random Processes

Gaussian Random Process

N Gaussian random variables

fX(le'“ 7X/\/;t17"' 7t/\/):

exp{—(1/2) [x = X] [Cx] 72 [x —Y}}

2m)N[Cx])
x X1 x1— X1
X2 _ X2 _ X2—X2
X = X = . [x—X]=
XN yN XN_YN
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Gaussian Random Processes

The Covariance Matrix (1)

N Gaussian random variables

Xi=E[Xi] = E[X(t)]

X1 E[X1] E[X(t1)]
_ X> E[X>] E[X(t2)]
X = : = : = :

Xn E[Xn] E[X(tn)]
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Gaussian Random Processes

The Covariance Matrix (2)

N Gaussian random variables

Ci = Cx;x, = E [(Xi = Xi) (X — X)]

= E[(X(t1) = E[X(t)]) (X(t) — E[X(t:)])]

Cik = Cx;x, = Cxx (ti,tx)
= Rxx(ti, tx) — E[X(t;)] E[X(tx)]

Young W Lim Example Random Processes



Gaussian Random Processes

Stationary Gaussian Process
N Gaussian random variables

X;=E[Xi]=E[X(t)] = X = const

Cxx(ti, ti) = Cxx(ti —t;)

Rxx(ti,tk) = Rxx(tx —ti)
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Gaussian Random Processes

Jointly Gaussian Process
N Gaussian random variables

Definition

the two random processes X(t) and Y(t) are jointly Gaussian
if the random variables X(t1),...,X(tn), Y(11),..., Y(t1,)

at times ty,...,ty for X(t) and t/,..., ¢}, for Y(t)

are jointly gaussian for any N, t1,....ty, and M, t,...,t},
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Gaussian Random Processes

Stationary Gaussian Markov Process
N Gaussian random variables

Cxx( ): G2eil3| ‘

Cxx[ ] = 6287‘ |

a=ePTs
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Poisson Random Process

Poisson Random Process
N Gaussian random variables

k —At
p X(t:k):W)kle , k=0,1,2,-
) ltke—kt
fx(x)zkgo( L 5~y

Young W Lim Example Random Processes



Poisson Random Process

Poisson Random Process - mean and 2nd moment
N Gaussian random variables

y T kg—At
E[X(1)] _Z, xf(x)dx —ZXEOW)k!MX—k)dX
> k(At)ke Ht
:kz::O ( I)(!e At
y P koAt
E[X?t)] —/ X fx (x)dx —/ x? kZ::O (kt)k! O(x —k)dx
_ i k2(7tt;<)lke“ _At(14A1)
k=0 :

Young W Lim Example Random Processes



Poisson Random Process

Poisson Random Process - joint probability density

N Gaussian random variables

(l tl)k1 efit1

P[X(t1) = k1] = k]

k=0,1,2,

().«(t2 _ tl)szkl efl(tzftl)
(ko — k1)!

P[X(t2) = ke| X(t1) = k] =
P(kl,kz) = P[X(t2) = k2|X(t1) = kl] ° P[X(tl) = k]_]

(7L t1)k1 (l(tz — tl)szklefltz
k! (ko — ky)!

fx(Xl,XQ): Z Z P(kl,k2)6(xl—k1)6(X2—k2)
k1=0ko=kq
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Poisson Random Process

Bernoulli Random Process
N Gaussian random variables

Xln] = 3. /i)
() = Y. PkS(x—K)
k=0

P =( § )pHa-pr*

E[X[n]] = np

Var [X[n]] = np(1—p)
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Poisson Random Process

Binomial Counting Process
N Gaussian random variables

fx (x1,x2) = Z Z (ki, k2)8(x1 — k1)d(x2 — k2)
“0ko—

P(kl,kz) = P[x[nl] = kl,X[ng] = k2]

_ n2_n1 nl kz _ nz—kz

(mp)ke ™ _ (At)ke

Pk =" k!
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