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Permutation

https://en.wikipedia.org/wiki/Permutation

Each of the six rows is a different 
permutation of three distinct balls

there are six permutations of the set {1,2,3}, namely: 
(1,2,3), 
(1,3,2), 
(2,1,3), 
(2,3,1), 
(3,1,2), 
(3,2,1)
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 Cauchy's two-line notation

https://en.wikipedia.org/wiki/Permutation
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k-permutations of n

https://en.wikipedia.org/wiki/Combination

n

k n−k

P(n ,k) =
n!

(n−k)!

= (n−0)⋅(n−1)⋅(n−2)⋅⋯(n−(k−1))
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k-permutations of 4

P(4 ,1) P(4 ,2) P(4 ,3) P(4 ,4)

1
2
3
4

1, 2
1, 3
1, 4
2, 1
2, 3
2, 4
3, 1
3, 2
3, 4
4, 1
4, 2
4, 3

1, 2, 3
1, 2, 4
1, 3, 2
1, 3, 4
1, 4, 2
1, 4, 3
2, 1, 3
2, 1, 4
2, 3, 1
2, 3, 4
2, 4, 1
2, 4, 3
3, 1, 2
3, 1, 4
3, 2, 1
3, 2, 4
3, 4, 1
3, 4, 2
4, 1, 2
4, 1, 3
4, 2, 1
4, 2, 3
4, 3, 1
4, 3, 2

1, 2, 3, 4
1, 2, 4, 3
1, 3, 2, 4
1, 3, 4, 2
1, 4, 2, 3
1, 2, 4, 2
2, 1, 3, 4
2, 1, 4, 3
2, 3, 1, 4
2, 3, 4, 1
2, 4, 1, 3
2, 4, 3, 1
3, 1, 2, 4
3, 1, 4, 2
3, 2, 1, 4
3, 2, 4, 1
3, 4, 1, 2
3, 4, 2, 1
4, 1, 2, 3
4, 1, 3, 2
4, 2, 1, 3
4, 2, 3, 1
4, 3, 1, 2
4, 3, 2, 1

4⋅ 3⋅ 2⋅ 1 = 4!4⋅ 3⋅ 2 = 4!/1!4⋅ 3 = 4!/2!4 = 4!/3!



Counting (9A) 7 Young Won Lim
5/25/17

Combination

3-element subsets of a 5-element set

https://en.wikipedia.org/wiki/Combination
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k-combination

https://en.wikipedia.org/wiki/Combination
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k-combination

https://en.wikipedia.org/wiki/Combination
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k-combination

https://en.wikipedia.org/wiki/Combination



Counting (9A) 11 Young Won Lim
5/25/17

k-combination of 4

P(4 ,1) P(4 ,2) P(4 ,3) P(4 ,4)

1
2
3
4

1, 2
1, 3
1, 4
2, 3
2, 4
3, 4
4, 3

1, 2, 3
1, 2, 4
1, 3, 4
2, 3, 4

1, 2, 3, 4

4⋅ 3⋅ 2⋅ 1 = 4!4⋅ 3⋅ 2 = 4!/1!4⋅ 3 = 4!/2!4 = 4!/3!

C (4 ,1) C (4 ,2) C (4 ,3) C (4 ,4)

4!/4! = 14!/1!/3! = 44!/2!/2! = 64!/3!/1! = 4
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k-permutations of 4

P(4 ,3)

1, 2, 3
1, 2, 4
1, 3, 2
1, 3, 4
1, 4, 2
1, 4, 3
2, 1, 3
2, 1, 4
2, 3, 1
2, 3, 4
2, 4, 1
2, 4, 3
3, 1, 2
3, 1, 4
3, 2, 1
3, 2, 4
3, 4, 1
3, 4, 2
4, 1, 2
4, 1, 3
4, 2, 1
4, 2, 3
4, 3, 1
4, 3, 2

4⋅ 3⋅ 2 = 4!/1!

1, 2, 3
1, 3, 2
2, 1, 3
2, 3, 1
3, 1, 2
3, 2, 1

1, 2, 4
1, 4, 2
2, 1, 4
2, 4, 1
4, 1, 2
4, 2, 1

1, 2, 3
1, 3, 2
2, 1, 3
2, 3, 1
3, 1, 2
3, 2, 1

2, 3, 4
2, 3, 4
3, 2, 4
3, 4, 1
4, 2, 3
4, 3, 2

remove all non-increasing ordering
in order to count only once

1, 2, 3
1, 2, 4
1, 3, 4
2, 3, 4

C (4 ,3)

4!/1!/3! = 4



Counting (9A) 13 Young Won Lim
5/25/17

k-combination of 4

1
2
3
4

1, 2, 3
1, 2, 4
1, 3, 4
2, 3, 4

C (4 ,1) C (4,3)

4!/1!/3! = 44!/3!/1! = 4

1
2
3
4

2, 3, 4
1, 3, 4
1, 2, 4
1, 2, 3

C (4 ,1) C (4 ,3)

4!/1!/3! = 44!/3!/1! = 4

n

k n−k

C (n , k) C (n ,n−k)
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Binomial Coefficient

https://en.wikipedia.org/wiki/Binomial_coefficient

The binomial coefficients can be arranged to form Pascal's triangle.
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Binomial Coefficient

(x + y)3 = x3
+ 3 x2 y + 3 xy2

+ y3

= xxx + 3 xx y + 3 x yy + yyy

1
2
3

1, 2
1, 3
2, 3

1, 2, 3

C (3 ,1) C (3 ,2) C (3 ,3)
3!/1!/3!= 13!/1!/2! = 63!/2!/1! = 3

C (3 ,0)

1 way 3 ways 3 ways 1 way
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Binomial Coefficient

(x + y)3 = x3
+ 3 x2 y + 3 xy2

+ y3

= xxx + 3 xx y + 3 x yy + yyy

1
2
3

1, 2
1, 3
2, 3

1, 2, 3

C (3 ,1) C (3 ,2) C (3 ,3)
3!/1!/3!= 13!/1!/2! = 63!/2!/1! = 3

C (3 ,0)

= (30) xxx + (31) xx y + (32)x yy + (33) yyy
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Binomial Coefficient

(x + y)3 = x3
+ 3 x2 y + 3 xy2

+ y3

= xxx + 3 xx y + 3 x yy + yyy

= (30) xxx + (31) xx y + (32)x yy + (33) yyy

23
= (30) + (31) + (32) + (33)
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Pascal’s Triangle

https://en.wikipedia.org/wiki/Pascal%27s_triangle

Rows zero to five of Pascal's triangle

Six rows Pascal's triangle as binomial coefficients
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Pascal’s Triangle

https://en.wikipedia.org/wiki/Pascal%27s_triangle
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Pascal’s Triangle

https://en.wikipedia.org/wiki/Euclidean_algorithm
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Upper and Lower Bounds 

https://en.wikipedia.org/wiki/Algorithm
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