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Gaussian Random Process
N Gaussian random variables

Definition

fX (x1, · · · ,xN ; t1, · · · , tN) =

exp
{
−(1/2)

[
x−X

]t
[CX ]

−1 [x−X
]}√

(2π)N |[CX ]|
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The Covariance Matrix
N Gaussian random variables

Definition

X i = E [Xi ] = E [X (ti )]

Cik = CXiXk
= E

[(
Xi −X i

)(
Xk −X k

)]
= E [(Xi −E [X (ti )])(Xk −E [X (tk)])]

Cik = CXiXk
= CXX (ti tk)

= RXX (ti , tk)−E [X (ti )]E [X (tk)]
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Stationary Gaussian Process
N Gaussian random variables

Definition

X i = E [Xi ] = E [X (ti )] = X = const

CXX (ti , tk) = CXX (tk − ti )

RXX (ti , tk) = RXX (tk − ti )
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Jointly Gaussian Process
N Gaussian random variables

Definition
the two random processes X (t) and Y (t) are jointly Gaussian
if the random variables X (t1), ...,X (tN),Y (t ′1), ...,Y (t ′M)
at timest1, ..., tN for X (t) and t ′1, ..., t

′
M for Y (t)

are jointly gaussian for any N, t1, ..., tN ,M, t ′1, ..., t
′
M
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Stationary Gaussian Markov Process
N Gaussian random variables

Definition

CXX (τ) = σ
2e−β |τ|

CXX [k] = σ
2a−|k|

a= eβTS

Young W Lim Example Random Processes



Gaussian Random Processes
Poisson Random Process

Young W Lim Example Random Processes



Gaussian Random Processes
Poisson Random Process

Poisson Random Process
N Gaussian random variables

Definition

p

[
X (t = k) =

(λ t)k e−λ t

k!

]
, k = 0,1,2, · · ·

fX (x) =
∞

∑
k=0

(λ t)ke−λ t

k!
δ (x−k)
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Poisson Random Process - mean and 2nd moment
N Gaussian random variables

Definition

E [X (t)] =

∞∫
−∞

xfX (x)dx =

∞∫
−∞

x
∞

∑
k=0

(λ t)ke−λ t

k!
δ (x−k)dx

=
∞

∑
k=0

k(λ t)ke−λ t

k!
= λ t

E
[
X 2t)

]
=

∞∫
−∞

x2fX (x)dx =

∞∫
−∞

x2
∞

∑
k=0

(λ t)ke−λ t

k!
δ (x−k)dx

=
∞

∑
k=0

k2(λ t)ke−λ t

k!
= λ t(1+λ t)
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Poisson Random Process - joint probability density
N Gaussian random variables

Definition

P [X (t1) = k1] =
(λ t1)

k1e−λ t1

k1!
k = 0,1,2, · · ·

P [X (t2) = k2|X (t1) = k1] =
(λ (t2− t1)

k2−k1e−λ(t2−t1)

(k2−k1)!

P(k1,k2) = P [X (t2) = k2|X (t1) = k1] ·P [X (t1) = k1]

=
(λ t1)

k1(λ (t2− t1)
k2−k1e−λ t2

k1!(k2−k1)!

fX (x1,x2) =
∞

∑
k1=0

∞

∑
k2=k1

P(k1,k2)δ (x1−k1)δ (x2−k2)
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