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Fourier Transform Types

Continuous Time Fourier Series
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Computation at kw,

CTFS Periodic x(t) CTFT Aperiodic x(t)
C, = lfT () e "™ dt ko, w) = [ etge o « ko,
= )oxede k 0, X(jo) = J_ x(t)e™dt o <ko,
@ kw,=k 2% rad/sec @ kw,=ko,f,=k 27 rad/sec
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_ LN ke X(jo) = 3 x[nle™ Gk
ylk] = & ZOX["] Koy jo) = 2 O € ko,
. 2 . 2
@ koo():k(oofs:k(N;ES rad/sec @ koo():kooofszk(N;ES rad/sec
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Computations using DFT

CTFS Periodic x(t) CTFT Aperiodic x(t)
]_ T S +00 o
G = 7 [, xlt) e x(jo) = [ x(0) e e
C, ~ %DFT{X(H T,)) ko, X(jkoo)~ T,DFT (x(nT,)} ko,
2 . 2
@ k(o():k(?ﬂ: rad/sec @ kow,=ko,f,=k N;Es rad/sec
DTFS Periodic x[n] DTFT Aperiodic x[n]
N-1 +0 .
yIk] = % > x[n] e ko X(jo) = 2 x[n]e®"
n=20 n=-—o
y[k]=-DFT(x[n]} ko, X[jko)~ DFT{x[nll 6 e ko,
@ kow,=ko,f,=k I\ZI;ES rad/sec @ ku)o:kd)ofszk(]\zlj;,s rad/sec
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Computations using DFT

CTFS Periodic x(t) CTFT Aperiodic x(t)
CkN%DFT{x(nTS)} X|jkw,)~T ,DFT(x(nT,))

x(nT,) ~ N IDFT{C,) X(nTs)NTLIDFT{X(jk(DO)}

DTFS Periodic x[n] DTFT Aperiodic x[n]

1 o

y[k]:FDFT{x[n]} X|[jkd,|~ DFT(x[n]}

x[n] = NIDFT y,} x[n] ~ IDFT{X(jko,)]
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FFT Amplitude and Power Spectrum

Two-Sided Amplitude Spectrum Two-Sided Power Spectrum
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FFT Amplitude and Phase Spectrum

Two-Sided Amplitude Spectrum

1
A, = —|X|k
= XK

= WX (K] ]+ (X[K]
k = 01,2,---,N/2,N/2+1,---,N—1

Two-Sided Phase Spectrum
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Frequency Bin
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CTFS and Power Spectrum

Two-Sided Power Spectrum

1 1
X(KIP = |6, = 3(a; + b)) = Fo,f

1
N?
Single-Sided Power Spectrum

2 1
F|X[k]|2 — 2|Ck|2 — §|gk|2 — |gk,rms|2

1
2" X(t) =gy * ng cos(km0t+¢k)

k=1

g, each sinusoid's amplitude

Gy ms €ach sinusoid 's amplitude rms value
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Average Power and Total Energy
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Parseval’'s Theorem for DFT

DFT
1 N-1 )
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Average Power %Ni FZP{ _ %lng[k]F _ %EMHHZ Average Power
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Periodogram as a frequency domain samples

DFT
MM"MTWHMMTTWTWHMW %:'X[kﬂz T%W §|X[n]|2

N-1 N—-1
Average Power % > P k] — % > |x[n]f Average Power
k=0 =0
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N-1 N-1
Total Energy T.> P_[k] — T x[n]f Total Energy
k=0 n=0
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Parseval’'s Theorem

CTFS
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Approximate CTFS Parseval’s Theorem

CTFS
MHTTW MTTHM

Average Power

+ 00 ”
2. [c)
k=—o

Average Power
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%IT|X(I)|2dt

DFT

Average Power

Average Power

1= 2 . x . > 1e 2
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=y Ziel o RPNl RIMT o ke
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DTFS Parseval’'s Theorem

DTFS
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me
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Approximate CTFT Parseval’'s Theorem

CTFT Total Energy % Total Energy

4 AN - iv[o X (jo)do | I|x(t)|2 dt

\J

DFT Total Energy Total Energy

e Tt Ty B W*"”mW*Muw“”m LS el
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Approximate DTFT Parseval’'s Theorem

D TF T . Total Energy T Total Energy
/ “H“ \ / \H“ \ / \ 2T_;CJ' |X (]@)lzd(f) H““JTTH > TSH:Z:O |x[n]|2
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Average Power and Total Energy

Periodic Signals

Aperiodic Signals

Average Power

Total Energy

%

Continuous | | | - | >
Time

Average Power %IT|X(I)|2dt Total Energy __[O|X(t)|2dt
Discrete ““aI?Tm >
Time .

1 +00
Average Power NZ_:; Ix[n]f Total Energy T, 2. Ix[n]/
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Parseval’'s Theorem

Periodic Signals

Aperiodic Signals

Average Power

Total Energy

Continuous CTFS  Average Power | CTFT Total Energy
Time . =
L kera = ¥ jcf [l = LFx(jofdo
T T k=—o T 27 Y,
Discrete DTFS Average Power DTFT Total Energy
Time ] N2 , [ N-1 . T )
= Ix[nl = X IvlkIF T |x[nf===[|x(jo)fdo
N n=0 k=0 n=0 27521:
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Average Power and Total Energy

Periodic Signals Aperiodic Signals
Average Power Total Energy
i Average Power TFT Total Ener
Continuous e J ¢ &
. T
Time %f|x(t)|2dt e JIx(e) at
T T
|
Discrete DTFS Average Power DTFT Total Energy
Time - . .-
1 2 ’ 2
NI - T.) |x[n]
v 2 lx[nl e 2 Ixln
|
Average Power Total Energy
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DFT Approximation

Periodic Signals

Aperiodic Signals

Average Power

Total Energy

Continuous CTFS  Average Power | CTFT Total Energy
e LS XIF = LX W0l | S X = 73 xdn]
Fk:o B anoxn ﬁk: - Sn:oxn
Discrete DTFS  Average Power DTFT Total Energy
Time . - N g
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Fourier Series Coefficients

Periodic Signals Aperiodic Signals
Frequency o = 27T w. = 27T . _ 2T
Spacing 7 NT, *“ NT, | N
Two Sided 1 _ i B B _
F.S. Coefficient N X[kl =c, Fx[k] =T, X[k]= X (jkw,)
Frequency koo = k|-2Z ko =k f, = k|22
Bin NT, ’ NT,
C, willl be spread over f, C./f,=C,T,
1 1 1 1
fo= T, " NT, fo= T, NT.
Spectrum Y Won Li
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One-sided Fourier Series Coefficients

Periodic Signals Aperiodic Signals
Frequency W = 27 _ 27T o = 27 N 2n
Spacing " NT, T, " NT, | N
Two Sided 1 . T, 3
F.S. Coefficient X[k| =G, WX[k] = X(jko)
One Sided 1 @ T, o
F.S. Coefficient ﬁx[k] k=0, 3 WX[k] k=0, 5

2 2T

Nx[k] k=1,,5—1 NOX[k] k=1,,5—1
Frequency koo, = k|22 kw, = ki, f, = k| 2Z
Bin NT, NT,

Average Power Total Energy

Spectrum Y Won Li
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Spectral Density Functions

Periodic Signals

Aperiodic Signals

Parseval’s e 1 2 1 2 IR
C — | |x(t)|dt — | X(jo) do= ] |x(t)dt
el 3 lcf =4 f,Ix() [ Ix(jofdo= [ Ix()
Average Power Total Energy
x(t) x(t)
\ i \ ]
C, X(jo)
il dh
crerrt] REREEE — I —
Amplitude Spectral Density Amplitude Spectral Density
Cy X (J(U)
Power Spectral Density Energy Spectral Density
+00 2
2. ledf's(r—kfo) (1)
k=—
Spectrum Young Won Lim

Representation (2B)

25

1/21/17



Using Periodograms

Periodic Signals

Aperiodic Signals

Two Sided 1 _ T, R
F.S. Coefficient v Xlkl=C, ~ X[k] = X(jkwo)
Parseval’s oo B
Theorem 1;)|C| ?IT|X |dt 2_‘[0 ](D|d(1)—f|x |dt
o = 2T
! l Rl
Approximation HX[KIP TS
By DFT’s Z N ‘TE NTSI;)|TX =T, z|x
1 N-1 1 2| 1 N-1 N—-1 1 N-1 5
131 x[kn]—ﬁ; x[n] n3 [Lxi | =13 il
Averaging Operation Integrating Operation
USing 1% 1 N-1 N-1
: — > P _lk]=— T.) P _|k]=T
Periodograms N,§ k] N,§|X["] 2, PLIK]=T, 2, [x[n]
Average Power Total Energy
Spectrum
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Using Periodograms

Periodic Signals Aperiodic Signals

Fs, cosficien. 3 X[KI=C, ¥ XK1= X(jko,
Parsevals (6 = [, xlofa L x(jofdo= [ x(cfd
ILDJ:ir?gdograms %ZZ; Pulk]= %12 A T“‘Z Pulkl= Tsl,g (¥

Average Power Total Energy
Periodograms Z‘: % Z %
Approximated PSD[k] = | SIX[K]! ESD[K] = |=2|X[K]f
PSD & ESD N N
& SrowE o Feon=E
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Using Periodograms

Periodic Signals
Two Sided 1

Aperiodic Signals

X[k]=C TXk—X('k )
F.S. Coefficient N Tk [k] = X(j ko,
Approximated X[k T, X[k
PSD & ESD N’ N
| Averaging the periodogram ” Integrating the periodogram
USing 1'% = 2 o g 2
: — > P [k]=— T » P [k]=T
Periodograms N,;, wlK] NZ;)'X[”]' 2, Pulk] SE)IX[H]I
Average Power Total Energy
Approximated S p 51 2 5 N7 2
SD[k]= ) —|X[k ESD[k]= > —|X[k
PSD & ESD 2| PSP 24 e K Tk 2, ESDIk]= X2 X (k]
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FS Coefficients of Periodic and Aperiodic Signals

Frequency w. = 27T 2w R 2w
Spacing °  NT, PTNT, TN
Approximation of 1 2 T, 2
PSD & ESD v XL ~ X[
Frequency P ko, = kd f. = k|22
Bin ! NT, ! s NT,
Average Power Total Energy
(CTFS, DTFS) (CTFT, DTFT)

DFT
Approximation
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FS Coefficients of Periodic and Aperiodic Signals

Periodic Signals

Aperiodic Signals

Frequency _ 1 1
Spacing A= WA AT =Nac
Two Sided At
F.S. Coefficient X (k) N X (k)
One Sided 1 o At o
F.S. Coefficient N Xk k=0, 3 ~ X (k) k=0, 3
2 2At
FX(k) k=1,,5—1 TX(k) k=1,,5—1
Frequency
Bin kA f kA f
Average Power Total Energy
Spectrum
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CTFT Total Energy % Total Energy

N L [ xGolrdo ‘ - I;|x(t)|2 it
DFT Total Energy Total Energy
T at]] J.mﬂ Lttt L
TTMHhmrﬂwMTHMMHMTH W;'X[k]l H“ HH H“ TSH;M”]
X(jko,| ~ T X[k] itDX(jw)Fdw — NT”Z:‘JT X[kJP=T Z|x o [ Fa
1 _1
X(jkw,|~ T ,DFTx(nT,)) % K = T z|x Total Energy
LS XIKF = 3 [x[nf
N = n=0
5A Spectrum
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Power Spectrum and Power Spectral Density

Power Spectrum Power Spectral Density Hz
1 T 2
~|X[k]P N-1 N-1 ~|X[k]|
N 1 2 2 N
T v 2 [T XU =1, X x[n]
T T T T ]
1 o1 1% 1P Power Spectral Density Hz = sec
N ZOX [n] = szopf[ ]|
N—1 %|X[k]|2
= S[k]Af
k=0
1 N-1 1 N-1 [ ]
=~ 2 Skl = = 3 |X K] -~
s k=0 N* k=0 Af _ 1 Normalized
T fo N Frequency
S[k] = S IX[KIF

Periodogram — Power Spectral Densit

SpeCtrum 32 Young Won Lim
Representation (2B) 1/21/17



FS Coefficients of Random Signals

Random Signals

Frequency Spacing Af= 1
~ NAt
Two Sided P—N_ls(k)A B
Power Spectral Density = f Nac& X
One Sided P:Nfs (A f S SA f=-3S
Power Spectral Density =
N

Frequency Bin
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Power Spectrum using FFT

Discrete Fourier Transform

N -1

X[k] = Y x[n] e /F/Nkn X = fft(x)
n=0
1 N -1 .
X[n] — K X[k] e+j(2n/N)kn X = 1fft(X)
N =0
— + kot Approximated
x(t) = k;@ Cie k CTFS Fourier Series Coefficients
+ M '
xes(t) = 20 v €™ DTFS fc = fft(x)/N = X/N
k=—M
~ _ X[k] Approximated - 3 *
Ci ™ Y = N  Fourier Coefficients X 1fft(fc)*N

5 | X [k] |2 Approximated
G ~ N2 Power Spectrum

Spectrum
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Periodogram using FFT

C _ X[k] Approximated RMS in continuous time
k¥ ¥ T TN Fourier Coefficients

5 X [k][ Approximated

G ~ N2 Power Spectrum
N-1 N-1 A 1}-

1 — 5 1 ~ 5 verage L 2(1’) dt

=3 £n] = — Y 1x[k] g

N ,;) N2 = | | Power T )

2 . . B

x kP RMS of sq root RMS in discrete time
= N Periodogram [

| X [k][ k0.1 N Approximated
N — it L periodogram ’A‘ N A
| X [k]| Square root | N e
— k=0,1,...,N—1 . kK1PA = — k112
/N Periodogram NA k;)|g[ ] N;)Ig[ ]|
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From CTFS to CTFT

Continuous Time Fourier Series

1 T i x -
= 2 [yx0e™d @ x(0) = Yo et
n=0
_ 1 +T, /2 j kot X (t) — ic e+]k(u0 ) 2_317 . E
Cy = T_f T2 X o(t) dt To =k 2 T,
0
T2 Ko, 1~ +jkogt 27T
C T, lez T t) J dt XTO(t> T on l;)ckToe : t'T—O
T, = oo W, = i,—nédoo C.T,»X(jo) Xy > x(t)
0
Continuous Time Fourier Transform
) + 0 —jot _ 1 +© . + jot
X(jo) = f_wx(t)e de = x(t) = oo X(jo)e'"do

Young Won Lim
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CTFS and CTFT

Discrete Fourier Transform

N -1 . +M +j S
X[kl = D x[n] g /(2 NJkn x(n] = > y,e
n=0 k=—M
' n=2012 .., N-1,
1 N - . 1 N-1 —j2—TC nk
AlAl = X [k e+J(23‘l:/N)kn — xInle N
n] = & . X[K] Ye = o 2 Anl
k = —M, , 0 ..., +M
C. _ X[k] Approximated
k¥ ¥k T TN Fourier Coefficients
Continuous Time Fourier Series Continuous Time Fourier Transform
+T,/2 ko . + o0 e
CiTy = | ' xp (t) e /" dt m X(jo) = [ x(t) e’ dt
T, ©, 0,20 (0, > do)
1 - +jkoyg 27T — 1 e c +jwot
()= = Ser, e 2 om0 = o [T X (o) M do
nlt) = 52 LG, T o
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Signals without discontinuity
Signals with discontinuity

Sampling frequency is not an integer
multiple of the FFT length

Leakage

Spectrum ) 38 Young Won Lim
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Fourier
A

Transform
f (t) A continuous sum of

weighted exponential
OIS : >
frpsiio -

—0 < < +©

L

Not so useful in transient analysis

Laplace
Transforln(lt) oSt = f(t)e_((” jo)t

Linear Time Domain

ﬁﬂ@llé'ls .@ondition
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z Transform

fln] 2™

Discrete Time System

Difference Equation

7 = esT — eGT ej(uT
A
J(s)=w
>
R(s)=c
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