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Joint Distributions, Independence, and Moments

First Order Distribution Function

For one particular time t;, the distribution function
associated with the random variable X; = X(t;)

Fx(Xl; tl) = P{X(tl) < X1}
the density function

de(Xl; tl)

fx(x1;t1) = dxy
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Joint Distributions, Independence, and Moments

Second Order Distribution Function

For one particular time t1, t», the distribution function
associated with the random variables X; = X(#;) and X, = X(2)

Fx(x1,x2;t1,t2) = P{X(t1) < x1, X(t2) < x2}
the density function

02 Fx(x1,x2i t1, t2)
aX18X2

fx(x1,x2;t1,t2) =
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Joint Distributions, Independence, and Moments

N-th Order Distribution Function

For one particular time t1, t, ... ,ty,

the distribution function

associated with the random variables

X1 = X(t1), Xo = X(tg), o Xy = X(t/\/)

Fx(Xl,...,X/\/; tl,...,t/\/) = P{X(f1) < X1,...,X(t/\/) < X/\/}
the density function

aNFx(Xl ey XN B, .. t/\/)
(X1, ... XNt ..., tn) = IS SR
X( 1, s AN, L1, 9 N) aX1"‘aXN
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Joint Distributions, Independence, and Moments

Statistical Independence

Two processes X(t), Y(t) are statistically independent
if the random variable group X(t1), X(t2),--- X(tn)

is independent of the group Y(t,), Y(%,),--- Y(t,,)

for any choice of time 1, o, -+, tn, ty, oy oe ),
Independence requires that

the joint density be factorable by group

fx7y(X1,...,X/\/,yl,...,y/\/];tl,...,t/\/,tl,...,tM)

= fx(Xl,...,X/\/;tl,...,t/\/)fy(yl,...,y/\/];t,...,t;w)
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Joint Distributions, Independence, and Moments

The 1st order moment

The mean of a random process

mx(t) = E[X(1)]

oo

mx(t) = /Xfx(x;t)dx

—oo

mx[n] = E[X[]]
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Joint Distributions, Independence, and Moments

The autocorrelation function

The correlation of a random process
at two instants of time X(t1) and X(%2),
in general varies with #; and

Rxx(t1,t2) = E[X(t1)X(t2)]
Rxx(t,f-l- ) = E[X(t)X(t+ )]

Rxx[n,n+ k] = E[X[n])X[n+ K]]
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Joint Distributions, Independence, and Moments

The autocovariance function

Cxx (£, t+ 1) = E[{X(t) = mx(£){X(t + 1) — mx(t + 1)}]
:Rxx(t,t+ )*mx(t)mx(t+ )

Cxx [y n+ k] = E[{X[n] = mx[n}{X[n+ k] = mx[n+ K]}]
= Rxx[n,n+ k] — mx[n]mx[n+ k]
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Joint Distributions, Independence, and Moments
The variance of a random process

Cxx(t,t+1) = E[{X(t) = mx()}H{X(t + 1) = mx(t +17)}]
:Rxx(t,t+ )—mx(t)mx(t-f- )

Cxx (1, 1) = Rxx(t,1) — mx(t) = ok (1) (r=0)
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Joint Distributions, Independence, and Moments

The cross-correlation function

Rxx(t1,t2) = E[X(t1)X(t2)]
Rxx(t, t+ ) = E[X(t)X(t+ )]

Rxy(t1,t2) = E[X(t1) Y (t2)]
ny(t, t+ ) = E[X(t)Y(t+ )]
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Joint Distributions, Independence, and Moments

The cross-covariance function (1)

Cxx(t,t+71) = E[{X(t) = mx(£)} {X(t + 1) = mx(t +1)}]
:Rxx(t,f+ )*mx(f)mx(fﬁL )

Cxy(t,t+71) = E[{X(t) = mx(t)}{Y(t+7)—my(t+7)}]
:ny(t,t-f— )—mx(t)my(f-i- )
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Joint Distributions, Independence, and Moments

The cross-covariance function (2)

Cxx[n,n+ k] = E[{X[n] — mx[n]}{X[n+ k] — mx[n+ K]}]
:RXX[n,n+ ]—mx[n]mx[n+ ]

Cxy[n,n+ k] = E[{X[n] = mx[n} {Y[n+ K] = my[n+ k]}]
= Rxy[n,n+ k] — mx[n]my[n+ K]
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Joint Distributions, Independence, and Moments

DT and CT relations

mx[n] = my(nTs)

Rxx[n,n+ k] = Ryy(nTs, (n+k)Ts)

CXX[”a”"’ ]: ny(ﬂTs, (n+ )Ts)
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Joint Distributions, Independence, and Moments

Random variables X

o the moments, the mean value, the central moments, the
variance over a random variable X

=

m,,:E[X”]:/ "hy () dx

—o0

=

[,LX:mle[X]:/ () dx

—o0

=

EIX—mx)1 = [ (<= 1) ()

—o0

=

G)2<:E[(X*Nx)2} I/( — ux)” fx (x)dx

—o0

https://www.cis.rit.edu/class/simg713/notes/chap7-random-process.pdf
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Joint Distributions, Independence, and Moments

Random Process X(t)

@ the moments, the mean value, the central moments, the
variance: over a random process X(t)

mn(tl)zE[X"(tl)]: n(tl)fx( ;tl)dX

pux(t) = E[X(t)] = [ ' (t1)fc(xit1)dx

/
J

—o0

=

ELOX(t) = ix(2))] = [ (1) = px (80)) (i t)

—o0

=

0 (1) = E [(X(t2) ~ ix(8))’] = [ (x(8) = x(0))” i 1)

—o0

https://www.cis.rit.edu/class/simg713/notes/chap7-random-process.pdf
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Joint Distributions, Independence, and Moments

Random variables X and Y

@ the covariance :

cov(X,Y)=E[(X—ux)(Y —uy)]
= E[XY]—uxuy

@ the correlation coefficients :

cov(X,Y) _ E[(X—pmx) (Y —uy)]

ox0y %o

https://www.cis.rit.edu/class/simg713/notes/chap7-random-process. pdf

corr(X,Y) =
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Joint Distributions, Independence, and Moments

Random process X(t)

o the auto-covariance :
Cxx(t1,t2) = E[X(t1)X(t2)] — ux(t1)x(t2)
= Rxx(t1,t2) — tx(t1)ux(t2)

o the auto-correlation :

Rxx(t1,t2) = E[X(t1)X(t2)]
@ the correlation coefficients :
Cxx(t1,t2)

ox(t1)ox(t2)

https://www.cis.rit.edu/class/simg713/notes/chap7-random-process.pdf

pxx(t1,t2) =
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Joint Distributions, Independence, and Moments

Random processes X(t) and Y(t)

o the cross-covariance :
Cxv(t1,t2) = E[X(t1) Y (t2)] — tx (t1) v (t2)
= Rxv(t1,t2) — ux(t1)uy (t2)

o the cross-correlation :

Rxy(t1,t2) = E[X(t1) Y (t2)]
@ the correlation coefficients :
Cxvy(t1, 1)

ox(t1)o?(t2)

https://www.cis.rit.edu/class/simg713/notes/chap7-random-process.pdf

pxy(ti, ) =
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