
Young Won Lim
8/1/15

●

 CLTI Time Response (7B)



Young Won Lim
8/1/15

 Copyright (c)  2011  - 2015 Young W. Lim.

  Permission is granted to copy, distribute and/or modify this document  under the terms of the GNU Free Documentation License, 
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no 
Back-Cover Texts.  A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.

mailto:youngwlim@hotmail.com


CLTI Time Response (7B) 3 Young Won Lim
8/1/15

Total Response = ZIR + ZSR (Ex1)

x( t) y( t)
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h( t)
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Total Response = ZIR + ZSR (Ex2)

x( t) y( t)

x( t) y( t)

ZIR y0(t )

ZSR

h( t)

y( t)

homogeneous solution
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Total Response = ZIR + ZSR (Ex2)

x( t) y( t)

ZSR

h( t)
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Forced Response Examples

dN y

d tN
+ a1

dN−1 y

d tN−1 + ⋯ + aN−1

d y
d t

+ aN y (t ) = b0

dN x

d t N
+ b1

dN−1 x

d t N−1 + ⋯ + bN−1

d x
d t

+ bN x ( t)

y p(t ) = 0δ(t )

0

h(t )

y p(t ) = Au(t) h(t )

t⋅u(t) h(t ) y p(t ) = A t + B

1

t
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Exponential and Sinusoid Functions

es t
exponential function 

= eσ t + iω t
(s = σ + iω)

= eσ t
(cos (ω t ) + i sin(ω t))

eζ t

sinusoid function 

= eiω t (ζ = iω)

ℜ{s} < 0 (σ < 0) ℜ{s}= 0 (σ = 0) ℜ{s} > 0 (σ > 0)
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Everlasting & Causal Function 

t = −∞applied at 

● everlasting exponential function 

● causal exponential function 

t = 0applied at 

es t u(t )

es t
t = −∞applied at 

● everlasting sinusoid function 

● causal sinusoid function 

t = 0applied at 

eζ t u(t )

eζ t

(s = σ + iω) (ζ = iω)
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Sinusoidal Functions and Initial Conditions

●everlasting sinusoid function ●causal sinusoid function 

non-zero state at t = 0+

non-zero conditions
at time t = 0+

sin (ω t) sin (ω t )u (t)

cos (ω t ) cos (ω t )u( t)

zero conditions
at time t = 0−

creates

       zero state at t = 0–

continuous state between t = 0– &  0+

state at t = 0–  = state at t = 0+
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Steady State Sinusoidal Response 

h(t )eζ t

h(t )eζ t u( t)

y(0)
(0−

)

y(1)
(0−

)

y(2)
(0−

)
⋮

input applied 
at t = 0 

input applied 
at t = -∞ 

continuous initial conditions

may be discontinuous

non-zero 
conditions
at time 0+

created by 
the causal 
signal

0
0
0
⋮

y(0)
(0+

)

y(1)
(0+

)

y(2)
(0+

)
⋮

y(0)
(0+

)

y(1)
(0+

)

y(2)
(0+

)
⋮

Steady State 
Response

Zero State 
Response
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Total Response to exponential inputs

∑
i

ci e
λ i t + h(t)∗eζ t

h(t )eζ t

∑
i

K ie
λ i t + βeζ t

   ZIR               ZSR

     natural           forced

∑
i

ci e
λ i t + h( t)∗eζ t

h(t )eζ t u( t)

∑
i

K ie
λ i t + βeζ t

y0

y0
(1)

y0
(2)

⋮

input applied 
at t = 0 

ZIR                  ZSR

natural           forced

input applied 
at t = -∞ 

= h (t )∗eζ t

= βeζ t

h( t)∗eζ t

βeζ t

t→∞

t→∞

zero conditions

steady state 

steady state

= y p(t)

= y p( t)

for a pure imaginary ζ

0
0
0
⋮
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Steady State Response 

h(t )eζ t

0
0
⋮
0

h(t )eζ t u( t)

y0

y0
(1)

⋮

y0
(N−1)

input applied 
at t = 0 

input applied 
at t = -∞ 

= h (t )∗eζ t

= βeζ t

Total Response  

Steady State Response = ZSR

= h (t )∗eζ t

= βeζ t

= y p( t)

= y p(t)

for a pure imaginary ζ

(t→∞)
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Steady State Responses

y p (t)

Forced Response

∑
i

K i e
λ i t → 0

Natural Response

∑
i

ci e
λi t → 0

h(t) = b0δ(t ) + ∑
i

d i e
λ i t

∑
i

k ie
λ i t → 0

y p (t)

ZIR ZSR

∑
i

ci e
λi t → 0

ZIR ZSR

x (t ) = δ(t)y p(t ) = 0

x (t ) = eζ ty p(t ) = βeζ t

x (t ) = ky p(t ) = β

x (t ) = t u(t)y p(t ) = β1 t+β0

ζ ≠ λi

y p (t)

(t → ∞)

zero

constant

diverges

oscillates

x (t ) = es t

y p(t ) = eσ t
(α cos(ω t ) + βsin(ω t ))

s≠ λ i

zero σ < 0

y zs(t) = h(t) ∗ x (t)
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Transient Responses

y p (t)

Forced Response

∑
i

K i e
λ i t

Natural Response

∑
i

ci e
λi t

h(t) = b0δ(t ) + ∑
i

d i e
λ i t

∑
i

k i e
λ i t

y p (t)

ZIR ZSR

∑
i

ci e
λi t

ZIR ZSR

y zs(t) = h(t) ∗ x (t )y p (t)
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ZSR to an everlasting exponential input 

(1 , a1 , ⋯, aN −1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )
0
0
⋮
0

es t H (s)es t

y (t) = h(t )∗ es t

= ∫
−∞

+∞

h(τ)es(t−τ)d τ

= es t⋅∫
−∞

+∞

h( τ)e−s τd τ

H (s) = ∫
−∞

+∞

h(τ)e−s τ d τ

= es t⋅H (s)

Q(D) y ( t) = P(D)x ( t)

Q(D)[h (t )∗ x (t)] = P(D)x ( t)

Q(D)[e s tH (s)] = P(D )e st

H (s)Q(D)e s t = P(D )e st

D r e st =
dr

d tr
es t = sr e st

Q(D)e s t = Q (s)e s t

P(D)e s t = P(s)e s t

H (s) =
P(s)
Q( s)

zero initial conditionsinput applied 
at t = -∞ 

H (s)Q( s)e s t = P(s)e st

h(t ) = 0
( t < 0)



CLTI Time Response (7B) 18 Young Won Lim
8/1/15

Forced Response to a causal exponential input 

(1 , a1 , ⋯, aN −1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

∑
i

ci e
λ i t + h(t)δ(t)

h(t )

eζ t u(t) ∑
i

K ie
λ i t + βeζ t

Q(D) y ( t) = P(D)x ( t)

Q(D)[βeζ t
] = P(D )eζ t

βQ(D)eζ t
= P(D)eζ t

β =
P(ζ)

Q(ζ )

y0

y0
(1)

⋮

y0
(N−1)

Q(D)eζ t
= Q(ζ )eζ t

P(D)eζ t
= P(ζ)eζ t

D r eζ t =
dr

d t r
eζ t = ζr eζ t

input applied 
at t = 0 

K1e
λ1 t + K 2e

λ2 t + K N e
λN tyn(t ) = = ∑

i

K ie
λ i t

{y (N−1)(0+) , ⋯, y(1)(0+) , y (0+)}yn(t ) + y p(t ) K i

: NOT a characteristic modeζ

ZIR                  ZSR

natural           forced

+ ⋯

initial conditions
at time t = 0−

initial conditions
at time t = 0+
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Everlasting Exponential Total Response

(1 , a1 , ⋯, aN −1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

h(t )δ(t )

h(t )
0
0
⋮
0

es t H (s)es t

H (s) = ∫
0

+∞

h(τ)e−s τ d τ

H (s) = [ y (t )
x(t ) ]

x (t )=e st

H (s) =
P(s)
Q (s)

Transfer function (t-domain)

Laplace Transform  of h(t)

Polynomials of  Differential Equation

zero initial conditionsinput applied 
at t = -∞ 

y (t) = H (ζ)eζ t
−∞ < t < +∞

H (s) =
Y (s)
X (s)

Transfer function (s-domain)

Y (s) = H (s)X (s)

y (t) = H (ζ)x (t) x(t ) = eζ t

for a given s = ζ

ZSR

ZSR
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Causal Exponential Total Response

H (s) = ∫
0

+∞

h(τ)e−s τ d τ

H (s) = [ y (t )
x(t ) ]

x (t )=e st

H (s) =
P(s)
Q (s)

Transfer function (t-domain)

Laplace Transform  of h(t)

Polynomials of  Differential Equation

y (t) = ∑
i

K i e
λ i t + H (ζ)eζ t

t ≥ 0

H (s) =
Y (s)
X (s)

Transfer function (s-domain)

Y (s) = [∑i
K i

(s−λ i)
+ H (s)]X (s)

(1 , a1 , ⋯, aN −1 , aN )

(b0 , b1 , ⋯, bN−1 , bN )

∑
i

ci e
λ i t + h(t)δ(t)

h(t )

eζ t ∑
i

K ie
λ i t + βeζ t

y0

y0
(1)

⋮

y0
(N−1)

input applied 
at t = 0 ZIR                  ZSR

natural           forced

natural              forced

y (t ) = ∑
i

K i e
λ i t + H (ζ)x(t) x (t) = eζ t

for a given s = ζ

steady 
state 
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Impulse Matching Example

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) =
d x
d t

+ 1 x (t)

(D2 + 5D + 6) y(t ) = (D + 1) x (t)

(λ2 + 5λ + 6) = (λ+2)(λ+3) = 0

h(t) = (c1e
−2 t+c2e

−3 t )⋅u( t)

ḧ(t) + 5 ḣ( t) + 6h(t) = δ̇(t) + 1δ(t)

h(0−) = 0

ḣ(0−) = 0

h(0+) = K1

ḣ(0+
) = K2

ḣ(0) = K 1δ(t )

ḧ(0) = K 1 δ̇ (t ) + K2 δ(t )

ḧ(0) + 5 ḣ(0) + 6h(0) = δ̇(t) + 1δ(t)

(K 1 δ̇ (t ) + K2 δ(t )) + 5K1 δ(t) + 6h(0)

K1 δ̇ (t) + (5K1+K2)δ(t) + ⋯ = δ̇(t ) + 1δ( t)

K1 = 1
5K 1+K2 = 1

K1 = 1
K2 = −4

= h(0+)

= ḣ(0+)

h(0+) = (c1e
0+c2 e

0)⋅u(t )

ḣ(t) = (−2 c1 e
−2 t−3 c2e

−3 t)⋅u(t )

ḣ(0+) = (−2 c1e
0−3 c2e

0)⋅u(t )

c1 = −1
c2 = +2

h(t) = (−e−2t+2 e−3 t)⋅u(t)

+ (c 1e
−2t+c2e

−3 t)⋅δ( t)

h(0+) = c1+c2

ḣ(0+) = −2 c1−3 c2

= +1 = K 1

= −4 = K 2
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Simplified Impulse Matching Example

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) =
d x
d t

+ 1 x (t)

(D2 + 5D + 6) y(t ) = (D + 1) x (t)

(λ2 + 5λ + 6) = (λ+2)(λ+3) = 0

y n(t) = (c1 e
−2 t+c2e

−3 t )

h(t) = b0 δ(t) + [P (D) y n(t)]u(t )

y n(0) = (c1 e
0+c2e

0)

ẏ n(t) = (−2 c1e
−2 t−3 c2e

−3 t)

ẏ n(0) = (−2 c1e
0−3 c2e

0)

c1 = +1
c2 = −1

y n(t) = (+e−2t−e−3 t)

y n(0) = c1+c2

ẏ n(0) = −2 c1−3 c2

y n(0) = 0

ẏ n(0) = 1

= 0

= 1

= 0

= 1

(D+1) y n(t ) = (−2 e−2 t+3 e−3 t )+(e−2 t−e−3 t )

= (−e−2 t+2 e−3 t )

h(t) = (−e−2t+2 e−3 t )⋅u(t )
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Step Response 

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) =
d x
d t

+ 1 x (t)

δ(t)h(t)

u(t)s(t)

h(t)

h(t)

s(t) = h( t) ∗ u(t)

∫⋅dt ∫⋅dt

h(t) = (−e−2t+2 e−3 t )⋅u(t )

h( τ) = (−e−2 τ+2 e−3 τ)⋅u( τ)

s(t) = ∫
−∞

+∞

(−e−2τ +2e−3 τ)⋅u(τ)⋅u(t−τ) d τ

= ∫
0

t

(−e−2τ +2e−3 τ) d τ

= [12 e−2 τ−
2
3
e−3 τ]

0

t

=
1
2
e−2 t

−
2
3
e−3 t

+
1
6

s(t) = h( t) ∗ u(t) = ∫
−∞

+∞

h( τ)u(t−τ)d τ

s(t) =∫
0−

t

h(τ)d τ

s(t) =∫
0−

t

(−e−2τ +2e−3τ)⋅u (τ)d τ
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Step Response : ZSR of u(t)

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) =
d x
d t

+ 1 x (t)

The Method of Direct Inspection

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) = δ(t) + u(t)

δ( t)+⋯ u(t)+⋯ t u(t)+⋯

ẏ (0+) = 1

y (0+) = 0

ẏ (0+) = ẏ (0−) + 1

y (0+) = y (0−)

(D2 + 5D + 6) y(t ) = (D + 1) x (t)

(λ2 + 5λ + 6) = (λ+2)(λ+3) = 0

y h(t) = (c1e
−2 t+c2e

−3 t) (t>0)

ÿ p(t ) + 5 ẏ p( t) + 6 y p(t ) = 1 (t>0)

x (t) = u(t ) x (t) = 1 ( t>0)

y p(t ) = A 6 A = 1 y p(t ) =
1
6

y (t) = yh (t) + y p( t)

y (t) = (c 1e
−2 t

+c2e
−3 t

) +
1
6

(t>0)

y (0) = (c1+c2) +
1
6

(t>0)

ẏ (t) = (−2 c1e
−2 t−3 c2e

−3 t) (t>0)

ẏ (0) = (−2 c1−3 c2) (t>0)

y (0) = (c1+c2) +
1
6

ẏ (t) = (−2 c1e
−2 t−3 c2 e

−3 t)

unit jump no jump

= 1

= 0

s(t) =
1
2
e−2 t

−
2
3
e−3 t

+
1
6

( t>0)

the highest order 
singularities



CLTI Time Response (7B) 26 Young Won Lim
8/1/15

Step Response : ZSR of u(t)

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) =
d x
d t

+ 1 x (t)

The Method of balancing singularities

= (c1e
−2t+c2e

−3 t + 1
6 )⋅u(t )

y (t) = ( yh(t ) + y p(t))⋅u( t)

ẏ (t) = (c1e
−2 t+c2e

−3 t + 1
6 )⋅δ( t)

= (c1+c 2 + 1
6 )⋅δ( t) + (−2 c1e

−2 t−3 c2 e
−3 t )⋅u( t)

ÿ (t) = (c 1+c2 + 1
6 )⋅ δ̇( t) + (−2c1−3 c2)⋅δ(t)

5 ẏ( t) = (5 c1+5 c2 + 5
6 )⋅δ(t) + (−10c1e

−2t−15c 2e
−3 t)⋅u(t)

6 y (t) = (6 c1e
−2 t+6 c 2e

−3 t + 1)⋅u(t)

(c1+c 2 + 1
6 ) = 0

(3 c1+2c 2 + 5
6 ) = 1

c1+c2 = − 1
6

3 c1+2c2 = 1
6

c1 = + 1
2

c2 = − 2
3

s(t) = ( 1
2
e−2t−

2
3
e−3 t+

1
6 )⋅u(t )

+ (−2 c1e
−2 t−3 c2e

−3 t)⋅u(t)

+ (4 c1e
−2 t+9 c2 e

−3 t )⋅u (t)

(D2 + 5D + 6) y(t ) = (D + 1) x (t)

(λ2 + 5λ + 6) = (λ+2)(λ+3) = 0

y h(t) = (c1e
−2 t+c2e

−3 t) (t>0)

ÿ p(t ) + 5 ẏ p( t) + 6 y p(t ) = 1 (t>0)

x (t) = u(t ) x (t) = 1 ( t>0)

y p(t ) = A 6 A = 1 y p(t ) =
1
6
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Step Response : ZSR of u(t)

d2 y

d t 2
+ 5

d y
d t

+ 6 y (t) =
d x
d t

+ 1 x (t)

The Method of Balancing Singularity Function
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Impulse Response h(t)
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