Variable Block Adder (1B)



Copyright (c) 2023 - 2010 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the GNU Free Documentation License,
Version 1.2 or any later version published by the Free Software Foundation; with no Invariant Sections, no Front-Cover Texts, and no
Back-Cover Texts. A copy of the license is included in the section entitled "GNU Free Documentation License".

Please send corrections (or suggestions) to youngwlim@hotmail.com.

This document was produced by using OpenOffice and Octave.


mailto:youngwlim@hotmail.com

Delay model

n : the number of bits in a carry skip adder
m : the number of groups into which the bits are divided
X, ..., x_the sizes of the groups beginning with the most significant bit

T : the time required for a carry signal to skip over a group of bits

To be precise we should write T = T(x) to indicate that

T depends on the size x of the group over which the carry is skipped
However, T changes very slowly with x over the range of group sizes
So we assume that T is constant

For a given n, the following three step procedure gives
An optimal way of dividing an n bit adder into groups of bits
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total n = 32 bits

m =9 groups

I-th group has x_ bits (size)
constant skip delay 7 = T(x )
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Maximum propagation time P

Lemmal When the bits of a carry skip adder * n bits
are grouped according to the scheme (i)-(iii), * mgroups
the maximum propagation time of a carry signal is mT

The carry generated at the 2" bit position and
terminating at the (n-1)" bit position
clearly has propagation time mT.

We must show that any other carry signal
has propagation time smaller than or equal to mT
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Maximum propagation time P

Consider a carry signal ariginating in the i-th group
and terminating in the j-th group <.

Denote its propagation time by P.

P < (x—1) + (j—i-1)T + (x—1) < mT

Vi, Vj 1 <1i, j<m

P: the propagation time of any delay
path is less than or equal to mT

generated in the i-th group
terminated in the j-th group

delay of a carry [Gi, Gj] for all i, |

Pi,j <mT
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A carry signal from the i'" group to the j*" group

Isb

msb * n bits

* m groups
ripple skip ripple

Gl GZG4 G5(|G6||G7||G8]||GY

The propagation time of any delay path
(three cases) < mT

i=2 (4-2-1) j=4

a carry is generated in the j-th group
ripple skip skip skip skip skip ripple and terminated in the j-th group

I <].
o] [cz] [sz] [ox] =] ] [e7] Les] [eo
T ¢ P —1)k1 +|(j—i—=1)T + —1J1
oo M x=th +[Gi=i=1}r + [x=1)
mT
ripple skip ripple
Gl||G2||G3||G4||G5 G6GS G9

Ty A=

=1 A =T A =1
i=6 (8-6-1) j=8 rca SKIP

RARAEAT AT AE AR RAR ippledelay  skpdeay  ropledelay
ey <>
- mT -

IA

IA
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Three cases

Isb msb * n bits
;-1 T Xs-1 * m groups
Arca  Askip Arca
c1llc2 callesllcel a7l csllco The propagation time of any delay path
is less than or equal to mT
i=2 (4-2-1) j=4
x:-1 T T T T T x7-1 P < (X,-—l)-l + (j—i—l)-T + (X-—l)-l
Arca  Askip Askip Askip Askip Askip Arca L
< mT
o EEEEEEE
i= (8-2-1) =5 j=8
xs-1 T Xr-1 X the bit size of the i-th group
Arca  Askip Arca i Optlmally chosen
GlL||G2||G3||G4||G5||ce||c7]|c8]| G =
i=6 (8-6-1) j=8 n = Z X,
i=1
X1 X2 X3 X4 X5 X6 X7
«4 <To Te Tw M A A AT -
n < Z Y;
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Propagation delay P example

msb Isb
Group 4 Group 3
A4 B4 AS B3

— e | e e
S, P> S3 j P> S: P,
—C—
DR . T B (4-1-1T L &=
“ >

(Xj -1)A_, (-1-1) g X - 1) A,
j =4 i=1

P < (x,—1) + (4—1-1)T + (x,—1) < mT A.=1 rip.ple delay over a bit

A, ,.=T  skipdelay over a group
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Minimum skip path delay y. of the i group

Isb mT = 6T msb * n bits

* m groups
* X; group size

skip delayl T

bypass = =» bypass

skip delay2 (M+1-)4T

ripple delay x;

T e T e T e T T o e T,

terminating carry  ripple delay < skip delayl
generating carry  ripple delay < skip delay2
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Minimum skip path delay y. of the i group

Isb mT = 6T msb * n bits
* m groups
* X; group size
skip delayl T
m=1 2 3 4 5 6
bypass = bypass
1
terminating carry
ripple delay  xs- 1 Xg -1 <iIT Xs <1 +IT
—> Xs - 1 < (M+1-)T Xs <1+ (M+1-)T
generating carry

bypass —-—I I-» bypass

skip delay2 (M+1-)T
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Ripple delay x. constraints of the i group

_ beginning skip path delay ending skip path delay
X delay, . ripple delay of a group
skip delay2
delayl, skip delay over a group skip delay1l =
delay2,, >
Gl||G2||G3|[|G4||G5||G6||G7||G8]||GY9
delay, .<delayl_ M
delay, < delay2 Lig&;
y. = min{1+iT, 1+(m+1—i)T}

ripple delay < skip delayl

min {delayl . delay2 ripple delay < skip delay2

skip? skip}

minimum skip path delay

_ ripple delay
< X. < V. =
0 < Xi = Vi (=1,..,m < min { skip delayl, skip delay2 }
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Applying x. constraints to the propagation delay P (1)

* n bits
1 2 =3 4 Jj=5 m=6 * Mmgroups
1 X2 X3 X4 X5 X6
(x—1) (x,—1) j--1=5-3-1=1
_‘ Arca = 1
T Ll T T Ll T T o T —
- - - - - v L—’ ASKIP T

the /-th group : carry generating group

the j-th group : carry terminating group

>
IA

< y. = min[1+iT, 1+(m+1-i)T}
X, <y, = min{1+jT, 1+(m+1—j)T}

beginning ending
skip path skip path
delay delay
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Applying x. constraints to the propagation delay P (2)

* n bits
1 2 i=3 4 j=5 m=6 * mgroups

(x—1) (x,—1) j--1=5-3-1=1
‘ A.=1

r

e T ol e T W e T e T e T o e T A =T
P < (x,—1) + (j—i—1)T + (x—1) < mT Assume a carry signal is
generated in the j-th group
) ) , and terminated in the j-th, i <|.
x. < min{1+iT,1+(m+1—i)T|
X, < min{1+jT,1+(m+1—j)T) P denotes propagation time

P < min{1+iT,1+(m+1—i)T} + min{1+jT,1+(m+1—j)T} + (j—i—1)T — 2
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Three cases of y,and y,

Case 1: both groups are in the left half ! J
y. = min{1+iT,1+(m+1—i)T}=1+iT
y;, = min{1+jT ,1+(m+1—j)T|=1+T
! J

Case 2: one group in the left and the other in the right
y., = min{1+iT,1+(m+1—i)T}=1+iT
y, = min{1+ T ,1+(m+1—j)T}=1+(m+1—j)T

Case 3: both groups are in the right half
y, = min{1+iT,1+(m+1—i)T}=1+(m+1—i)T
y, = min{1+ T, 1+(m+1—j)T|=1+(m+1-j)T

Beginning Skip Paths Ending Skip Paths
1+iT 1+(m+1—i)T
1+jT 1+(m+1—j)T
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Case 1

Case 1: both groups are in the left half

>

min(1+iT,1+(m+1—i)T}|=1+iT

min{l+jT,1+(m+1—j)T}: 1+ )T beginning skip path delay§

P < min{1+iT,1+(m+1—i)T} + min{1+jT,1+(m+1—j)T} + (j—i—1)T — 2

= 1+iT + 1+jT + (j—i—1)T — 2
= 2jT-T < mT

min{1+jT,1+(m+1—j)T|=1+jT
1+jT < 1+(m+1—j)T w 2jT < (m+1)T ww 2jT—T < mT
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Case 2

Case 2: one group in the left and the other in the right .

min{1+iT ,1+(m+1—i)T}=1+iT

min {1 + jT 1+ ( m+1 _]) T}: 1+ (m+ 1— ]) T beginning skip path delay§ ending skip path delay

P < min{1+iT,1+(m+1—i)T} + min{1+jT,1+(m+1—j)T} + (j—i—1)T — 2

= 1+iT + 1+(m+1—j)T + (j—i—-1)T — 2 = mT
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Case 3

>

Case 3: both groups are in the right half
min{1+iT,1+(m+1—i)T}=1+(m+1—i)T
min{1+jT,1+(m+1—j)T}=1+(m+1—j)T

ending skip path delay

P < min{1+iT,1+(m+1—i)T} + min{1+jT,1+(m+1—j)T} + (j—i—1)T — 2

= 1+(m+1-i)T + 1+(m+1—j)T + (j—i—1)T — 2

= 2(m+1—i)T-T = 2mT—(2iT-T) = mT
mT
—mT

\%

1+iT > 1+(m+1—i)T w 2iT > (m+1)T =  2iT-T
—(2iT-T)

IA
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Maximum delay of a carry signal

Lemma 2 Let D denote the maximum delay of a carry signal * n bits
in a n bit carry skip adder with group sizes chosen optimally. Then e rgroups

(m—1)T < D < mT

Since we have exhibited a division of the carry chain into groups
In such a way that the maximum delay of a carry signal is mT
We clearly have D < mT
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Maximum delay of a carry signal

* n bits
e rgroups
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Maximum delay of a carry signal

D : the maximum delay of a carry signal * n bits
in a n bit carry skip adder of m groups * mgroups
with group sizes x;‘'s chosen optimally.

(m—1)T < D < mT P=P <mT

the carry chain is divided into m groups

the maximum delay of a carry signal is mT D = max{P, .} < mT
l,] -
m groups mT D < mT
(m—1)T < D
m-1 groups . (m-DT
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Maximum delay of a carry signal

(m—1)T < D < mT

Assume there are r groups

for each of these 2 cases

mT — D

IA

T
then (m—1)T < D

then 2 cases : even r, odd r

prove. mT —D < T+1
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the propagation delay of
any carry signal path = mT

upper bound

the max of them
diff ( mT,D)<T
diff(mT, max P) < T

tight upper bound
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Determining m

Method 1 — using a histogram

Let m be the smallest positive integer such that

n < Zyl O =< Xi < yi’ :1,...,m

i=1

y. = min{1+iT,1+(m+1—i)T}, i = 1,..,m

Method 2 — using a closed formula
Let m be the smallest positive integer such that

n <|m+=mT +2m’T + (1—(—1)m)1T
2 4 8
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Determining X; for an even number of groups r = 2k

r=2k
Xi (j-i-1) X
bits groups bits
P < (x—1) + (j=i—=1)T + (x—1) < mT —~ —
ripple skip ripple
(Xi_l) + (Xj_]') + (j_i_l)T delay 1 delay T delay 1
* n bits  r=m = 2k groups
- m=8 > . .
13 T 13 T The x/'s can be computed iteratively as follows:
n =64 2 Initially take x; = X, = 0
10 v, V. m :8 10
T=3 ? 1?21; 1; At each iteration,
7 " 5 7 ety - increase as many of the x;'s as possible by one unit,
. I A A gk A A without violating the constraints
L - ARIZEEEEIN 0 < x <y, i=l..m
trietd Thus, at some iteration, we have »_ x,=n and
L L Py e the algorithm terminates i=1
R

X1=4, X>=1, X3=10, X4=11, X5=11, X5=10, X=1, X8=4
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An example of X; < y; example (r = 2k)

X,-1
m=8 groups e | | |
i
X, bits
ripple delay 1 VYV
3T =9 3groups

skip delay T
skip delay T

6T =18 6groups

y, = min{1+3T,1+(8+1-3)T} = 1+3T

x,—1 < min{3T,(8+1-3)T} =3T

X, < min{1+3T,1+(8+1-3)T) =1+3T
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X, < 1+3T

X, < 1+7T

y. = min{1+iT,1+(m+1—i)T}
1 =1,...,m
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Maximum delays of carry signals (r = 2k)

X1 X2 X3 X4 Xs X6

X7

Xs
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The maximum delay of carry signals < D
generated in the 1t group or | 3
terminated in the 8" group o
The maximum delay of carry signals < D
generated in the 2" group or | |
terminated in the 7 group o
The maximum delay of carry signals < D
generated in the 3" group or | |
terminated in the 6" group 3 |
The maximum delay of carry signals < D
generated in the 4" group or | |
terminated in the 5™ group
All skip delay <D
Max delay of

all carry signals
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Delays of carry signals [G1, G8] (r = 2:4)

X4

X1 X2 X3 Xs Xs X7 Xs X1=4, Xo=7, X3=10, x4=11, x5=11, Xx6=10, X7=7, Xg=4
r-p—‘ X1+ Xo-2 =4+7-2 =9 =9
> — X1+ T+x3-2 =4+T+10-2 =12+T =15
carry signals > N X1 +2T+X4-2 =4+2T+11-2 =13+2T =19
generating in
thelstgroups r—> — X1 +3T+X5-2 =4+3T+11-2 =13+3T =22
= y X+ 4T +X-2 =4+4T+10-2 =12+4T =24
] — X 45T +X,-2 =4+5T+7-2 =9+57 =24
- — X1+ 6T +Xx5-2 =4+6T+4-2 =6+6T =24
—~ [V ] Xe#5T+Xxe-2 =7+5T+4-2 =9+5T =24
—~ N X3 +4T +xg-2 =10+4T+4-2 =12 +4T =24
carry signals —~ — Xe+3T+Xxg-2 =11+37+4-2 =13+3 =22
terminating in
the8‘”groups r—> — Xs + 2T +Xxg-2 =11 +2T+4-2 =13+2T =19
1 — Xe +T+xg-2 =10+T+4-2 =12+T =15
r—»—‘ X7+ Xg -2 =7+4-2 =9 =9
Assume T=3
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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Verifying x; constraints (r = 2:4)

Xi Xz Xs Xa Xs Xo Xr X X1=4, xo=7, x3=10, x,=11, x5=11, X6=10, X;=7, xg=4
r_,—‘ X>< 2T +1 Xo=7 <7
— = X3 < 3T +1 X3=10 <10
carry signals — N Xs<4T +1 Xs=11 <13
generating in
the 15t groups r—> —‘ X5 < 4T +1 Xs=11 <13
r-> N X < 3T +1 Xs =10 <10
r—> j X7 < 2T +1 X7=7 <7
r-) — Xg, X1 < 1T +1 Xs, X1=4 <4
r—> — X> < 2T +1 Xo=7 <7
r-> — X3 < 3T +1 X3=10 <10
carry signals — — Xs<4T +1 Xs=11 <13
terminating in
the 8h groups r—> —‘ X5 <4T +1 Xs=11 <13
— N X6 < 3T +1 Xe =10 <10
r—»—‘ X7 < 2T +1 X7=7 <7

X <y = min{1+iT,1+(m+1—i)T}

1
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Loose upper bound (r = 2k)

Xi  Xo Xs Xa Xs Xe X7 Xs X1=4, X;=7, x5=10, X,=11, X5=11, x6=10, X;=7, X3=4
— X, < 1+1T
] N
carry signals — N :
generating in X, < 1+iT
the 1t groups e N
loose upper bound
[ X
ae B _ _
the maximum delay of carry signals
aa X ‘ generated in the 1% group or
terminated in the 8" group
—~ N
r->
— loose upper bound
carry signals —~ —
terminating in X, < 1+(m+1—i)T
the 8" groups (i ¥
] ¥
X < 1+1T
1
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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Maximum delays using x; constraints (r = 2-4)

X4

X1 X2 Xz Xs Xe X7 Xs X174, Xo=7, x5=10, x4=11, X5=11, X6=10, X7=7, Xg=4

r-p—‘ X1+ X2 < IT+1+0T+2T+1 =3T+2

> —~ X1+ T+ X3 < IT+1+1T+3T+1 =5T+2

carry signals —~ — X1+2T+Xxy < 1T +1+2T+4T+1 =7T+2
generating in

the 1st groups r—> —‘ X;+ 3T + X5 < 1T +1+3T+4T +1 =8T +2

] \ X1+4T +x¢ < 1T +1+4T+3T7T+1 =8T+2

] — X1+5T+x;, < 1IT+1+5T+2T+1 =8T+2

= = X1+6T+Xs < 1IT+1+6T+1T+1 =8T+2

—~ - Xo+b5T+xs < 27 +1+57+1T+1 =8T+2

—~ — Xs+4T +xs < 3T +1+4T+1T7T+1 =8T+2
carry signals —~ — X4 +3T+Xxs < 47T+1+37T+1T+1 =8T+2
terminating in : i

the 8" groups —~ ~ Xs+2T+xg < AT+1+2T+1T+1 =7T+2

—~ — Xe + T+ Xs < 3T+1+1T+1T+1 =5T+2

™ X7 + Xs < 2T+1+0T+1T+1 =3T+2

Max delay 24 <8T+2=26
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers Assume T=3
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r = 2k groups (1) generated and terminated group

Let X, Xx,...,x, denote the optimal group sizes * n bits
corresponding to the maximum delay D. * =2k groups

Given the maximum delay D, prove (m—1)T <D
the optimal group sizes are x, x,...,x,

the number of groups = r

Starting group |
assume that r=2k is even. g grodp
terminating group r-i+1 r=2k
By considering carries ¢
generated in group .
terminated in group r—i+1 1, 2k = r—(1-1), i =1
i =1,...,k 2, 2k—1 = r—(2-1), i = 2
k, k+1 = r—(k—l), i = k
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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r = 2k groups (2) (J—1-1) = 2(k-i)

r=2k
P < —1 —i—1)T —1) < * n bits
(x~=1) + (j=i=1)T + (x,-1) = rT ; nbits

i=1 i 1 j=r (j—i—1)=r-2 =2(k-1)

i=2 ] — j=r—1 (j—i—1)=r—4 =2(k-2)

i=3 j=r=2 (j—i—1)=r—-6 =2(k-3)

i=k I j=r—k+1 (j—i—1)=r-2k =2(k—k)
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r = 2k groups (3) propagation time P, max delay D

r=2k

* n bits
e rgroups
P < (x,—1) + (j—i—=1)T + (x—1) < rT Let D denote the maximum delay of
Consider a carry signal a carry signal (max of all P)
originating in the i-th group Inan bit carry skip adder |
terminating in the j-th group i <. with group sizes chosen optimally.
Denote its propagation time by P. e )
(x,—1) + (r=2)T + (x,—1) < D - [
(xféﬂ +(r—4ﬂ"+ Q%ﬁ—l)s D - N
(x,—1) + (r—6)T + (x, ,—1) < D
(x,—1) +(r=2k)T + (x,,,—1) = D e |
rT < D
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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r = 2k groups (4) max delay constraints

r=2k

B L _ * n bits
P < (x~=1) + (j=i=1)T + (x,=1) < rT * rgroups

(x,—1) + (r—-2)T + (x,—1) < D (x,—1) + (2k—2-1)T + (x,,,, ,—1) < D
(x,—1) + (r—4)T + (x._,—1) < D (x,—1) + (2k—-2-2)T + (x,,,, ,—1) < D
(x,—1) + (r—6)T + (x,_,—1) < D (x,—1) + (2k—23)T + (x,,,, ,—1) < D
(x,—1) +(r—2k)T + (x,,,—1) < D (x,—1) + (2k—2k)T + (x,,,, ,—1) < D
rT < D 2kT < D
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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r = 2k groups (5) sum of all the inequalities

r=2k
_ i _ * n bits
P < (x,—1) + (j—i—=1)T + (x—1) < rT 7 groups
(x,~1) + 2(k=1)T + (x,, —1) < D [i=1 Z:zlxl = n
(x,—1) + 2(k=2)T + (x,,_,-1) < D [i =2
(X3_1) + Z(k_B)T + (sz—z_l) <D =3 Zk 1 = k(k+1)
i=1 2
(x~1) + 2(k=K)T + (x,., =1) =< D [i = k ok = r
rT < D
n—2k+(k+1)rT—k(k+1)T < (k+1)D
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r = 2k groups (6) arithmetic and geometric means

r=2k

n—2k+(k+1)rT —k(k+1)T < (k+1)D

n—2k
key T OKT =D arith mean > geo mean
n—2k n+2 n+2
+2kT — kT < D —= + (k+1)T = 2-4/—(k+1)T
k+1 k+1 ( ) \/k+1 ( * )
n—2(k+1)+2 + kT < D n+2 (k+1)T = 2y(n+2)T
k+1 k+1
n+2 ; n+2 _
o=+ (k+1)T — (T+2) < D min when g = (k)T
n+2 7
— = (k+1
2y(n+2)T — (T+2) < D T U+ 1)
(ke1) = 222
V4nT+8T — (T+2) < D
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Determining X; for an odd number of groups r = 2k+1

r=2k+1
X -i-1) X
bits groups bits
P < (x—1) + (j=i—=1)T + (x—1) < mT —~ —
ripple skip ripple
(Xl.—l) + (Xi—l) + (]—l—l)T delay1l  delay T  delay 1
* n bits e r=m = 2k+1 groups
. m=7 - . .
13 5 13 5 The x/'s can be computed iteratively as follows:
n =48 Initially take X; = X, = 0
10 vl [ m=7/ v [
T=3 2 At each iteration,
7 > > 7 2 increase as many of the x;'s as possible by one unit,
- 2 6 N %F %F 1% %F %F without violating the constraints
A A A A L
s 5 y7 4 RN 0 <=x, =y, i=1..,m N
- 1 4 A 4 by Thus, at some iteration, we have » x,=n and
. - i t i tr Y the algorithm terminates i=1
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8 X1=4, Xo=T7, X3=8, X4=9, X5=9, Xeg=7, X;=4
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An example of X; < y; example (r = 2k+1)

X,-1
m=7 groups —~ I s overlapping latencies
""" |
X, bits
ripple delay 1 YYYY
3T =9 3 groups

skip delay T X, < 1437
skip delay T X< 1+5T

5T =15 6 groups

y, = min{1+3T,1+(7+1-3)T} = 1+3T

x; =1 < min[3T,(7+1-3)T} = 3T y. = min{1+iT,1+(m+1—i)T|
X, < min(1+3T,1+(7+1-3)T}=1+3T i =1,..,m
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All skip delay constraints (r = 2k+1)

r=2k+1

| 3T : | 3T :

X1 X> X3 Xu X5 Xs X7

} 3T +x, < 1+7T @ x, < 1+4T

3T+x,—-1 < 7T <D

r%j KT +(x,,,—1) < (2k+1)T < D

kT + (x,,,—1) < D Use this delay to find
the lower bound of D,

instead of all skip delay
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Maximum delays of carry signals (r = 2k+1)

X1 X2 X3 Xs X5 Xe X7

"
o

- — The maximum delay of carry signals
generated in the 1t group or | 3
terminated in the 7" group o
—~ — The maximum delay of carry signals < D
generated in the 2" group or | |
terminated in the 6" group L
—~ — The maximum delay of carry signals < D
generated in the 3" group or | |
terminated in the 5% group -
All skip delay <D
— Comparable to all skip delay < D
—~ Use this delay to find the
- - - lower bound of D Max delay of
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers all carry signals
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Delays of carry signals [G1, G7] (r=2-3+1)

X1 X>o X3 X4 X5 X6 X7 X1:4, X2:7, X3:8, X4:9, X5:9, X6:7, X7:4
m groups | =y X1+ Xz =4+7 =11 =11
> — | X1+ T+ X3 =4+T+8 =12+T =15
—~ — X;+2T+Xs =4+2T+9 =13+2T =19
~ — Ka*3T+xs =4+3T+9 =13+37 =21
~ \ Xi+4T +Xg =4+4T+7 =11+4T =23
(e — X1 +5T+Xx, =4+5T+4 =8+53 =23
~ — et ATvxy =/+4T+d =11441 =23
—~ ‘ — X3+3T+x, =8+3T+4 =12+3T =21
c—» —N X4+ 2T + X7 =9+2T+4 =13+2T =19
—~ — Xs+ T+ X7 =9+ T+4 =13+T =16
™ Xs + X7 =7+4 =11 =11
Assume T=3
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Verifying x; constraints (r = 2-3+1)

X1 X2 X3 X4 X5 X6 X7 X1=4, Xo=7, X3=8, X4=9, X5=9, Xg=7, X;=4

m groups = X< 2T +1 Xo=7 <7
— X3 < 3T +1 X3=8 <10

= Xs < 4T +1 xs=9 <13

} — Xs < 3T +1 Xs=9 <13

= Xe < 2T +1 Xe =7 <7

—~ i = X7, X0 < 1T +1 X7, X1=4 <4
— | X2< 2T +1 Xo=7 <7

— | X3< 3T +1 X3 =8 <10

— X4 < 4T +1 Xs=9 <13

| — Xs< 3T +1 Xs=9 <10

—~ X6 < 2T +1 X6 =7 <7

X <y = min{1+iT,1+(m+1—i)T}

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers L
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Loose upper bound

X1 X2 X3 )}(4 X5 X6 X7
m groups [ ¥
(a B
) X
] N
] X
e — | )
—~ N
~ =l
~ =
i IR0
adjinl

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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X1:4, X2:7, X3:8, X4:9, X5:9, X5:7, X7:4

X, < 1+1T

x. < 1+iT

|

loose upper bound

the maximum delay of carry signals
generated in the 1% group or
terminated in the 8" group

loose upper bound

x. < 1+(m+1-i)T

X, < 1+1T
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Maximum delays using x; constraints (r = 2-3+1)

X1 X>o X3 X4 X5 X6 X7 X1:4, X2:7, X3:8, X4:9, X5:9, X6:7, X7:4
m groups r—b —‘ X1+ Xo < 1T +1+0T+2T +1 =3T +2
o —~ X1+ T+ X3 < I1T+1+1T+3T+1 =5T+2
—~ — / X; +2T +X4 < IT+1+2T+4T+1 =7T+2 \
— — X1 +3T+Xxs < 1T+1+3T+4T+1 =8T+2
—~ 3 X1 +4T +XxXe < 1T +1+4T +3T+1 =8T+2
— = X1 +5T+x;, < 1T+1+5T+2T+1 =8T+2
—~ — Xo+4T +Xx; < 3T+1+4T+1T+1 =8T+2
—~ ‘ — X3+3T+x; =47 +1+37+17T+1 =8T+2 |
c—» — X+ 2T +X; < A4T+1+2T+1T+1 =7T+2
—~ — Xs+ T+ X7 < 3T+1+1T+1T+1 =5T+2
™ X6 + X7 < 2T+1+0T+1T+1 =3T+2
Max delay 23<8T+2=26
Assume T=3
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
Variable Block Adder 45 Young Won Lim

(1B)

9/11/23




r = 2k+1 groups (1) generated and terminated group

Let x, x,...,x, denote the optimal group sizes

corresponding to the maximum delay D.

Given the maximum delay D,
the optimal group sizes are X; X, ..., X,

the number of groups = r

assume that r=2k+1 is even.

By considering carries

generated in group
terminated in group r—i+1

i = 1,...,k

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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* n bits
 r=2k groups

prove (m—1)T <D

Starting group i

l terminating group r-i+1
1, 2k+1 = r—(1-1),
2’ 2k = r _( 2—1 ) s

k, k+2

k+1

r=2k+1
1 =1
I = 2

]
ﬁ
L
»
|
|
SN———
]
-

Young Won Lim
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r = 2k+1 groups (2) (j-1-1) = 2(k-1I)

r=2k+1
o * n bit
P < (x~1) + (j=i—1)T + (x,—1) < mT : fgr'oips
X1 X5 X3 Xu X5 Xe X7
i=1 [ ‘ ] j=r (j—i—1)=r—-2 =2(k-1)+1
=2 - ‘ — j=r—1 (j—i—1)=r—4 =2(k-2)+1
i=3 j=r-=2 (j—i—1)=r—-6 =2(k=-3)+1
i=k — — j=r—k+1 (j—i—1)=r—2k =2(k-k)+1
_ri } 3T+x, < 1+7T @ x, < 1+4T

3T +x, < 7T <D
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r = 2k+1 groups (3) propagation time P, max delay D

r=2k+1

P < (x—-1) + (j—i—-1)T + (x—1) < rT

Consider a carry signal
originating in the i-th group
terminating in the j-th group i <.

Denote its propagation time by P.

x,—1) + (r =2)T + (x., -1) < D
(x,—1) + (r —4)T + (x._, —1) < D
(x,—1) + (r —6)T + (x,, —1) < D

(x,=1) + (r=2k)T + (x, ,,,—1)
kT + (x,,, —1) <

O

A
S

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers

* n bits
* rgroups

Let D denote the maximum delay of
a carry signal (max of all P)

in a n bit carry skip adder

with group sizes chosen optimally.
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r = 2k+1 groups (4) max delay constraints

r=2k
_ i _ * n bits

P < (x—1) + (j=i—=1)T + (x—1) < mT . T groups
x,—1) + (r=2)T + (x.—1) < D (x,—1) + (2k—2-1)T + (x,,,, ,—1) < D
(x,—1) + (r—4)T + (x._,—1) < D (x,—1) + (2k—2-2)T + (x,,,, ,—1) < D
(x,—1) + (r—6)T + (x,_,—1) < D (x,—1) + (2k—23)T + (x,,,, ,—1) < D
(x,—1) +(r—-2k)T + (x,,,—1) < D (x,—1) + (2k—2k)T + (x,,,, ,—1) < D

rT < D 2kT < D
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r = 2k+1 groups (5) sum of all the inequalities

r=2k+1
_ i _ * n bits
P < (x—1) + (j=i—=1)T + (x—1) < mT 7 groups
(x,=1) + 2(k=1)T+T + (x,,,—1) < D Z:zlxl = n
(x,—1) + 2(k=2)T+T + (x,, —1) < D
(=1) + 2(k=3)T+T + (x,,~1) = D > = k)
i=1 2
(Xk_l) + 2(k—k)T+T + (Xk+2 _1) < D 2k+1 = r
kKT + (x,,, —1) <
n—2k—1+(r+1)kT —k(k+1)T<(k+1)D
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r = 2k+1 groups (6) arithmetic and geometric means

r=2k+1

n—2k—1+(r+1)kT —k(k+1)T<(k+1)D

n—2k—1 +(r+1)kT B
(k+1) (k+1)

n—2k—1 (2(k+1))kT

(k+1) (k+1) Ep
n(—k2+k1;1 + kT <D

n—z(l(<k+j)+1 + (k+)T = T < D
E;’:; + (k+1)T — (T+2) < D

2-y(n+1)T — (T+2) < D
V4nT+4T — (T+2) < D

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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arith mean > geo mean

(n+l) | (k+1)T = 2-(n+1)T

(k+1)

min when (

(ke 1) = (k+1)T

”Ti = (k+1)?
n+1

(k+1) = ES
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Closed formulafory; +y> + ... + Y,

c 1 1 > my 1
= m+=mT +=m’T +(1—(=1)") =T

;y, m+2m +4m +(1—( ))8

iy. = m+imT +im?T (even m)
: 2 4

i=1

>y m+ ~mT + 2mPT + 2T (odd m)
- 2 4 4

y. = min{1+iT,1+(m+1-0)T}, i = 1,..,m

y, = 1+1T y, = 1+1.T
y, = 1+2T Vo1 = 1+2-T
y, = 1+3-T Voo = 1+3-T
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When m = 2k, find a closed formula for Z y; (1)

m = 2k y. = min{1+iT, 1+(m+1-i)T}, i = 1,..,m %-k(k+1)
B y, =14 mn(1-T, (m—0)-T}: < x < 1+i1T:
- y, =1 -Ii min{2-T, (m—1)-T}: < X, < +52-TE
y, = 1 + min(3-T, (m—2)-T): <x, <1+3T:
y, = 1 +imin{k T, k+1)-T) < x, <1 +kT!
Yio = 1 +imin{lk+1}T,  kT) < X <1 41kT:
Ymo = 1 + min{(m-2)-T, 3T} S My = +13-T!
y, . = 1 + min{(m—1)-T, 2T} : < X, =<1 +:2:T,
Ywo = 1 4 min((m=0)-T, 1T < X, =|1]+11.T:
L k(k+1)
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers 0<x <yi’i_1 ey M -
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When m = 2k, find a closed formula for Z y; (2)

QT even m . m+lmT+lm2T
2 4

odd m : m+%mT+lm2T+lT

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers

Variable Block Adder 54 Young Won Lim
(1B) 9/11/23



When m = 2k+1, find a closed formula for Z y; (1)

m = 2k+1 y, = min{1+iT, 1+(m+1-)T), i = 1,..,m Sk(k1)
m+l=2k+2 =1 & min{l-T, (m=0)T}  0<x, <1+:1T:
ml _ y, = 1 + min{2-T, (m—1)-T} 0 <x, <1+.2T.
= K+ : [ : :
y, = 1 + min{3-T, (m—2)-T} <x;, = 1+:3T:
ye=1+mn(kiT, [k+3/T) 1 0=x <1+kT:

Ve = 1 + min{lk+1-T, [k+2|-T} < X, <1 +(k+1)T (k+1)
Vi, = 1+ Eh'ih'{('iiif-'T',"(k'li%'f}""; 0 <x,, <1+kT;:
y. ., =1 +.min{(m-2)-T, 3-T] 5 <x,, =<1 +53~TE
Yoo = 1 +imin{(m—1)T, 2T} < x,, <1+i2T:
Yoo =1 #imin(m=0)T, 1T} ! 0<x,, <1+1T;
%-k(k+1)
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When m = 2k+1, find a closed formula for Z y; (2)

n(a+l)
2

1+2+--+k = %k(k+1)

+2°%k(k+1)T+(k+1)T m = 2k+1

m+1=2k+2
=m+ k(k+1)T + (k+1)T
m+1
=m+ (k+1)°T 5 = k+1
m+1\°
=m+ 7 T evenm:m+lmT+lm2T
2 4
m’ m 1
:m"'TT"'ET"'ZT oddm:m+%mT+lm2T+lT
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Combining two cases (odd & even r) (1-1)

r=2k V4nT+8T — (T+2) < D
r=2k+1 VanT+4T — (T +2) < D

VANT+4T — (T +2) < V4nT+8T — (T +2)
B) [inT+4T — (T+2) < D
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Combining two cases (odd & even r) (1-2)

We will not produce an upper bound on mT.

Since m is the smallest positive integer satisfying

m—1 m m

dy.<n <Dy DYy = m+lm:r+lm2:r+(1—(—1)’“)l:r

i=1 i=1 - 2 4 8

(m—1)+ 1(m—1):r + l(m—1)2:r +(1 - (—1)'“‘1)I <n
2 4 8
N < m+imT+im’T+ (1—(—1)’")1T
2 4 8
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Combining two cases (odd & even r) (2-1)

m—1
(m=1)+ Z(m=1)T + L (m=1PT+(1 = (=1)"")5 < n ;y,. <n
m—1
Aﬁ+ (m—1) T+411(m—1)2T+(1—(—1)m_1)% +1 < n Yy, +1<n
i=1
/rr{:r T)+—(m'T—2mT+T) + (1—(—1)””)% < n
m—LT+ 1m2T+(1 (—1)'"_1)I <n
47 4 8
LT <n - madr — (1-(-1) 1L
4 8
(lsz)4T <ln—m+ir - (1—(=1)" 1)Z AT

2

m’T> < 4nT — 4mT + T° — (1—(—1)'"—1)T7
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Combining two cases (odd & even r) (2-2)

2
m’T> < 4nT — 4mT + T® — (1—(—1)'"1)T7

2
m’T? + 4mT < 4nT +T° — (1—(—1)"7—1)%

2
m’T?> + 4mT + 4 < 4 + 4nT +T* — (1—(_1)m1)%

2
(T + 2f < 4 + 4nT +T* — (1—(—1)m1)%

2 m—1 T’
(mT + 2) < \/4 + 4nT+T° — (1—(—1) )7

> m—1
mT < -2 + \/4 + 4nT +T° — (1—(—1)’"‘1)% h Z y; < n
i=1

y, = m+ %mT + %mZT +(1—(=1)")

I

|-
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r=2k evenr

r=2k

mT < -2 + \/4nT+T2 + 4 — (1_(_1)'"—1)%

— D < —4nT+8T + (T +2)

2
mT—D < T — v4nT+8T + \/4n:r+T2+4—(1—(—1)’"‘1)L

N

T’
T2—8T+4—(1—(—1)”"1)7
mT—D < T +

VAnT+8T + \/4 nT+T2+4—(1—(—-1)" 1)L
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r=2k evenr

=k mT < -2 + V4nT +T* + X
- — D < —V4nT+8T + (T +2)
X « 4—(1—(—1)’"‘1)7

mT—D < T — J4nT+8T + V4nT+T’+X

(+a + 15) _
(_\/E+X/B)'(+\/E+\/B) B

(—a + b)
(+Va + Vb)

JanT+ T X
(— VART¥8T + JanT+T7x) . \VAMT+BT + VAnT+T +X)
(VAnT+8T + V4nT+T’+X)

[—V4nT+8T + V4AnT+T?+X) - {+V4nT+8T + V4nT+T*+X)
= — (4nT+8T) + (4nT+T°+X) = T°-8T+X

T°—8T+X
mT—D < T +
VAnT+8T + VAnT+T’+X
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r=2k+1 odd r

r=2k+1 mT < —2 + \/4nT+T2 + 4 - (1—(—1)'"‘1)%
VAnT+4T — (T+2) < D

—VAnT+4T + (T+2) = —D —D < —V4nT+4T + (T +2)

2
mT—D < T — vJ4nT+8T + \/4n:r+T2+4—(1—(—1)’"‘1)L

N

T
T2—4T+4—(1—(—1)'”_1)7
mT—D < T +

2
JAnT+4T + \/4nT+T2+ 4—(1—(—1)'"‘1)T7
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r=2k+1 oddr

k41 mT < —2 + V4nT +T* + X
- — D < —4nT+4T + (T +2)
X « 4—(1—(—1)’"‘1)7

mT—D < T — J4nT+4T + VAnT+T°+X

(+a + 15) _
(_\/E+X/B)'(+\/E+\/B) B

(—a + b)
(+Va + Vb)

VANT+4T + V4AnT+T°+X)
_ VARTRAT + NanTeToex) - b
( ) (VAnT+4T + V4nT+T°+X)

[—VAnNT+4T + VAnT+T*+X| - [+V4nT+4T + V4nT+T°+X)
= — (4nT+4T) + (4nT+T'+X) = T'-4T+X

2
mT—D < T + r—4ar+X _
NANT+4T + NVAnT+T+X
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Combining two cases (odd & evenr) (3)

r=2k V4nT+8T — (T+2) < D
r=2k+1 V4nT+4T — (T +2) < D

mT < -2 + \/4 + 4nT +T? — (1—(—1)'"’1)?

ml—-D < T +

T2—4T+4—(1—(—1)’"1)T72
r=2k+1

V4nT+4T + \/4nT+T2+4—(1—(_1)m—1)

mT—D < T +

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers

Variable Block Adder 6 5 Young \é\;olnlll_zirg

(1B)



r=2k evenr

2 2
\/4nT+T2+4—(1—(—1)’"1)T7\ \/4nT+T2+4—(1—(—1)’"‘1)TT = V4nT+T°+X
o 1)T24/ * odd m « evenm

X & 4—(1—-(-1)"")=
2 (1) =1 (-1)"' = -1
X = 4 odd m (1-(=1)"")=0 (1-(=1)"") =2
X =4-T1 €venm VAnT +4+T° VanT+T*+4—T?
= J4nT+4

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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Combining two cases (odd & evenr) (3)

r=2k
2 -1 Tz
T°—8T+4—(1—(-1) )? gTex
mT—D < T + - mlI'—-D < T + 2
NVAnT+8T + v4nT+T°+X
JanT+8T + \/4n:r+:r2*44—(1—(—1)"”)T7
T4 T°—8T+4 — T°
VAnT+8T + V4nT+T°+4
X = 4-—T> evenm
< T+ —-8T+4
- V4nT+8T + V4nT+4
r=2k+1
TZ
T2—4T+4—(1—(—1)’”‘1)7 o aTex
mT—D < T + mT—D < T + At

LT VAnT+4T + VAnT+T’+X
JAnT+4T + \/4nT+T2+4—(1—(—1)m 1)% n n

- T°—AT+4
- 2
X =4 odd m VAnT+4T + VAnT+T*+4
2
<T + (T 2)
J4nT+4T + V4nT+T*+4
Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
Variable Block Adder 67 Young Won Lim
9/11/23
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Combining two cases (odd & evenr) (3)

r=2k X =4-T°

2
mT—D < T + T'—8T+X

JAnT+8T + VAnT+T’+X

r=2k+1 X =4

2
mT—D < T + r—4T+X

VAnT+4T + VAnT+T°+X

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers

—8T+4

mT—D < T +
VanT+8T + V4nT+4

—8-3+4 _ __ 28
V4.32.3+8.3 + V4-32:3+4 20.2 + 19.7

= —0.702

(T-2)

mT—D < T +
AnT+4T + V4nT+T*+4

(3-2) = L = 0.25
V4 323+43 + V4-32:3+3°+44 20 + 19.925

Variable Block Adder
(1B)

Young Won Lim
9/11/23



Combining two cases (odd & evenr) (3)

r=2k X =4-T°

meb=t \/4(T/n)+8(;?lﬂ(zz;/r:-)+\/44(T/n)+4/n2 - JAL(T_/%TIH)JT(TM) ~ b _2%4
r=2k+1 X =4 ~T+—2M+@

mimb=1 \/4(T/n)+4(T/nz()T+_\?4)12(/;/n)+(T/n)2+4/n2 - J4(T(/z)_+2)7:(:r/n) ~ I (Z _(1?/);/)’1

mT—D < T + 1

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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Delay model

For n sufficiently large,

We have ml —D < T+1

Since mMT — D s an integer

mT —D < T

Oklobdzija: High-Speed VLSI arithmetic units : adders and multipliers
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