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Impulse Response and Differential Equations

d" y(t) d" "y (t) dy(t) d" x(t) d" " x(t) dx(t)
aNW+aN_IW+---+aIT+aOy(t) = bM dtM +bM_1W+.“+bl E +boX(t)
y(t) = h(t) : impulse response when x(t) = &(t) : forcing function
interval of
existence / uniqueness
t<O t=0 t>0
forcing function x(t) = 0 §(t) 0
causal particular homogeneous
system solution solution
t<O t=20 t>0
impulse response  y(t) = 0 AS(t) y, (t)
only when
N=M
Young Won Lim
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Solutions of Differential Equations

d" y(t) d" y(t) dy(t) d" x(t) d" 'x(t) dx(t)
a +a +---+a +a,ylt) = b +b +b +b,x(t
NT N N-1T 17 4 0)’( ) MM M-1" M- 1" ¢ 0 ( )
(t > 0)
Homogeneous d¥h(t d" 'h(t dh(t
e a g, (S o DM o) = 0 h(t) = v, (Bu(t)
y,(t) homogeneous solution linear combination of all the derivatives of h(t)
characteristic modes only must add to zero for any timet # 0
(t = 0)
Particular d"h(t) d" "h(t) dh(t) _ d"5(t) d"'5(t) dd(t)
SOlUtion aN dtN +aN—1 dtN_l + +al dt +aoh(t) - bM dtM +bM—1 dtM_l + +b1 dt +b06(t)
yp(t) particular solution
linear combination of the forcing function linear combination of an impulse and its
and all its unique derivatives unique derivatives (the doublet, the

triplet) : all these exist attime t =0
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Particular Solutions

d" y(t) d"'y(t) dy(t)

GNW'FGN—I dtN_l +---+alT+aoy(t) = bM dtM +bM—1 dtM_l +b1 e +boX(t)
Method of Undetermined coefficients
Particular d"h(t) d" 'h(t) dh(t) | dYa(t) d"'5(t) do(t)
solution GNW-FGN”F%MF“IT-FG“MQ = bM dtM +bM—1 dtM_l + °+b17+b06(t)
h(t) is All these 6(t) is
differentiated derivatives differentiated up
up to n times must match to m times

Finding particular solution

(t)dt -0 when h(t) does not
have an impulse or its
derivatives

— <
-

We can determine whether h(t) can contain
an impulse or its unique derivatives

(==}

+

0
[ h(t)dt # 0  otherwise
J

CLTI Impulse Response (4A) 5 Young 1V\{</>118I7I1r2



Impulse Response h(t)

d"h(t d" 'h(t dh(t dv5(t d¥ ' (t do(t
dtlg )+al dtN_(l )+"'+aN—1 ( )+aNh(t) = bOA-I-bI—()-'- +by_, )

dtM ! ' —odt

+b, 5(t)

(D"+a,D"'+--+ay_;D+ay)|- h(t) =|(byD"+b, D" '+---+by_, D+b,) - 3(t)

(og
=
I
(e}
=
>
—
()
+
~—
Il
()

AN

All initial conditions creates nonzero (=0 =0 =0
are zero at t=0 'ant'tt'i'ofond't'on 1>0° h(t) = characteristic

(t#£0) mode terms only

t=0 h(t) can have at most
- - -1 (0~ ' lse A, d(t
allzero  y(07)=yY07)= - =y*Y(07)=0 an impulse A,d(t)

non-zero  y(0*), y"(0*), -, y" (0% h(t) = b,d(t) + char mode terms t>0
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h(t) can have at most a o(t)

d"h(t) d" 'h(t) dh(t) d'o(t) . d"'o(t) dd(t)
a0 +GIF+°.'+GN—IT+aNh(t) = b, g +b, TN +'“+bN-1T+bN5(t)
(D"+a,D""+---+ay_,D+ay)h(t) = (byD"+b,D" "+---+by_, D+b,)5(t)
M = N
1 | 4
' alDN—1+ cood aN—1D+ aN‘ — - leN—1+ ooodk bN—l D+ bN)‘
If 8"(t) is included in h(t), then the highest order term
DV8V(e) = | 8™ () byD"5(t) == | §'V(¢) Contradiction!!!
h(t) cannot contain 8()(t) at all mm h(t) can contain at most 6(t) M < N
h(t)
Tﬁ h(t) =|b,d(t)|+ char mode terms t>0
CLTI Impulse Response (4A) 4 Young Won Lim
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Finding Impulse Response from Diff Equations

* Impulse Matching Method
» Simplified Impulse Matching Method

e Green's Function
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e Impulse Matching
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Impulse Matching (N>M) (1)

(D*+5D+6)y(t) = (D+1)x(t) h''(t)+5h'(¢)+6h(t) = §'(t) +d(t)
(m*+5m+6) = 0 m=-2, —3 h(t) = (cle_2t+cze_3t)u(t)
4 )
h(t)
K,
h(0*) = K, m= | h'(0)| = K, 0(t) —
h'(t) :|
& h'(0") = K, w=» | h''(0) = K,8(t)+ K;8'(¢)
- Y
h''(0)+5h'(0)+6h(0) K, =1 — h(o*) =1
= [K,8(t)+ K,8'(t)] + 5[K,8(t)] + 6[const] Kp=-4 == h'(0’) = —4
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Impulse Matching (N>M) (2)

(D*+5D+6)y(t) = (D+1)x(t) h''(¢)+5h'(t)+6h(t) = §'(t) +8(t)
(m*+5m+6) =0 m=-2, —3 h(t) = (Ee_2t+e_3t)u(t)

h(t) = (c,e™ +c e ult)
h'(t) = (—2c,e™*" —3c,e*)u(t) + (c,e*" + c,e ") d(t)

= (=2c,e* = 3c,e”ul(t)+(c, +c,)d(t)

—
—

\_ ) h(O"') =1
h'(0") = —4
I I
1 1|a] |1 B e S N P e | I S
-2 =3]|c, —4 1_‘1 1‘_—1_ _‘1 1‘_—1
-2 -3 -2 -3
h(t) = (ée‘” +e‘3t)u(t)
CLTI Impulse Response (4A) 11 Young Won Lim
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Impulse Matching (N>M) (3)

(DN"' alDN_l"'""" ay_, D+ aN) ' Y(t) = (bN—MDM+ bN—M+1DM_1+ +by_,D+ bN) X(t)
(W +a, A" ray_ h+ay) = 0 ‘ h(t) = chexkt)u(t)
h(t) K=l
K,
h(0*) = K, h(0) = K, 8(t) ——
h'(t)
K2 h'(0) = K, h(0) = Kd(t)+ Kid'(¢) =
h''(t)
K,
S— h''(0%) = K, h''(0) = K;8''(t)+ Ky0'(t)+ K, 8"'(t)
: Impulse 4 Find A
. matching coeff's
h(t) = (Zekkt)u(t) * h(0) c,
h'(0%) m b)) m
h''(0%) h''(0) C5
\ / y
CLTI Impulse Response (4A) 12 Young Won Lim
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Impulse Matching (N=M) (1)

h''(t) + a,h'(t) + ay,h(t) = b,d''(t) + b,d'(t) + b,0(t)

h(07) = Ki  qyp (Initial Value Problem) h(t) h(e)
h'(0+) — K2 K, K,
h(07)=0  h(0*)=K, h'(07)=0  h(0*)=K,
m +am+a, = 0 m = m,, m,
K, |
Kl' |
h'(0) = K, d(t) h''(0) = K,8(t) + K8 (¢)

h(t) = b,d(t)+ (c,e™™ + c,e™ )ul(t)

\/\
h'(t) = b,d'(t) + (c,me™ + c,me™ )u(t) " 4+ ce” \ \‘
\/\‘

h''(t) = byd"'(t)+ (c,mie™ + c,m5e™ )u(t) + (c,me™ + c,m,e™)(d Yt c,e™

CLTI Impulse Response (4A) 13 Young 1V\{7118I7I1r2



Impulse Matching (N=M) (2)

we can determine K; K,

the initially at rest conditions h(07)=h'(07)=0

d
and the property of step and delta Eu(t) = 8(t)
h(t) = byd(t) + (c,e™ +c,e™")u(t)
h(t) h'(t)
don't have to consider the term b,8(t)
‘ { K, K,
h'(0) +a,h'(0) + a;h(0) = byd""(¢) + b,d'(t) + b, (t)
thus h(0) has a finite jump h(07)=0  h(0*)=K, h'(07)=0  h(0%)=K,

h''(0)+a,h'(0) = b,8'(t) + b,5(t)

K,
K,
K,5(t)+ K, 8'(t)+a,K,8(t) = b,d'(t)+b,d(t) 41 41

K16'(t)+(a1K1+K2)6(t) = b16'(t)+ bzé(t) h'(0) = K,5(t) h''(0) = K,8(t) + K,8'(t)
{ K, = b, K,
a,K,+K, = b, K,
CLTI Impulse Response (4A) 14 Young Won Lim
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Impulse Matching (N=M) (3)

d’ y(t dyl(t
y() + a ZE) +az)’(t):bo

h(0") = K,
h'(0*) = K,

{h"(t) + a,h'(t) + a,h(t) = b,d''(t) + b,8'(t) + b,d(t)

IVP (Initial Value Problem)

2 —
m +am+a, = 0 m = my, m,

— ol
h'(0%) = (c;m, +c,m,) h (O+) = K, m— C,
h(t) = b,8(t) + (c,e™ +c,e™ ult)
CLTI Impulse Response (4A) 15 Young Won Lim
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Impulse Matching Example

C(I;_}Z/ N 5% e Gl = % + 1x(t) h(t) + 5h(t) + 6h(t) = &(t) + 18(t)
: {h(o—) =0 {h(o+> - K
h(07) =0 h(0") = K,
(D> + 5D + 6)y(t) = (D + 1)x(t) hO) = K.5(c)
(A + 50 + 6) = (A+2)(A+3) = 0 {ii(o) = KiS(t)+K26(t)
h(t) = (c,e*+c,e™) - u(t)
h(t) = (=2c,e'=3c,e ™) ult) h(0) + 5h(0) + 6h(0) = &(c) + 18(c)

+ (c,e”*+c,e”) - 8(t)

{ h(0") = (c,e’+c,e’)-ult)

(K,8(t)+ K,d(t)) + 5K,8(t) + 6h(0)

A(0) = (—2c,e°—3c,e°) - ult) K, d(t) + (5K, +K,)d(t) +--- = d(t) + 13(t)
{h(0+) = c,+c, = +1 = I(1 Kl — Kl — 1 = h(0+)
h(0") = —2¢,—3c, = —4 = K, SK 4K, = 1 {Kz = _4= h(0")
c, = —1
c, = +2
h(t) = (—e*+2e™") - u(t)
CLTI Impulse Response (4A) 16 Young Won Lim
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e Simplified Impulse Matching

CLTl Impulse Response (4A) 17 Young 1V\{</){18I7I1r2



Simplified Impulse Matching (1)

d*y(t) .\ ale—Et) i) = bodzx(t) b dx(t) + b,x(t)

Ch''(t) + a,h'(t) + a,h(t) = b,d"'(t) |+ b,d'(t) + b,S(t)

< h(0") = K, IVP (Initial Value Problem)
h’(0+) = K,

\.

rho"(t) + a1h0'(t) + azho(t) = 6(t)

< h(0*) =0  Simpler IVP
Lh'(07) =11 = hv(07) = 8(¢)
P(D) = (bOD2 + b,D + bz) ‘ ho(t) ‘ b, hy (t)
() = byd(e) + [P(D) hyt)] NN N
bod''(t)| mmmmd  hy(t) mmmmh| byh'(t)
CLTI Impulse Response (4A) 18 Young 1V\{</>118I7I1r2



Simplified Impulse Matching (2)

Only a linear combination
Yalt) of characteristic modes
Excluding u(t)

m'+am+a, = 0 mo=m, m ho(t) = yalt) ult) causality

ho(t) = (Clemlx"'czemzx)u(t) yn(t) = (C1emlx+c2emzx)

ho’(t) = (C1mlemlx+C2mzemzx)u(t)+(C1emlx+czemzx)6(t) .Yn’(t) — (Clmlem1x+czm2em2x)

ho(0+) =0 =1c+c ¢ yn(0+) =0=c+c

ho’(0+) =1=cm+c,m, > Yn'(0+) =1=cm+c,m,

(byD* + b,D + b,)[(c,e™ + c,e™) u(t)] [(byD* + b,D + b,) (c,e™ +c,e™)] u(t)
h(t) = byd(t)+[P(D)hy(t)] - h(t) = byd(t) +[P(D)y,(t)]u(t)

= byd(t) +[P(D) [y,(t) u(t)]]
CLTI Impulse Response (4A) 19 Young Won Lim
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Simplified Impulse Matching Example

f_tg . 5% £ 6yt) = % + 1x(t) h(t) = byd(¢) + [P(D)y,()]ult)
(D> + 5D + 6)y(t) = (D + 1)x(t) (D+1)y, (t) = (—2e*"+3e " )+(e*—e )

(A + 50 + 6) = (A+2)(A+3) = 0

yalt) = (e +c,e™) ¥.(0) =0
{yn(t) = (=2c,e **=3c,e ) {yn(o) =1 hle) = (=e™+2e ) ule)
{yn(O) = (c,e’+c,e’) =0
y,(0) = (=2c,e"=3c,e’) =1
{yn(o) = ¥, =0
y,(0) = —=2¢,—3¢, =1
c, = +1
c, = —1

CLTI Impulse Response (4A) 20 Young 1V\{</>118I7I1r2



 Integrating both sides successively
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First Order ODE (n > m) — Impulse Response

'(t t) = x(t " “ -
y'(t)+ay(t) = x(t) [h(t)dt +a [ h(t)de = [ 5(t)de
0" 0 0"
h'(t)+ah(t) = 0 Homogeneous p o
equation h(0*) —h(07) +a [ h(t)de| = [ &(c)dt
h'(t) + ah(t) — 6(t) Particular 0 0
equation -0 51
h(t)=0 (t <0) causal system th(t)dt _ o when h(t) does not
_ . —at - have an impulse or its
h(t)=Ke (¢t >0) homogeneous 0 o
solution 0
? (t=0) particular fh(t)dt # 0  Otherwise
solution 0"

if 8(t) is included in h(t)
d'(t) must presentin  h'(t
(t) p (t) MO = e (650)
But RHS has no doublet or triplet
no 8(t) included in h(t)

22 Young Won Lim
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First Order ODE (n > m) - Verification

h(t)=e “u(t) satisfies

h'(t)+ah(t)=58(t) forallt

h(t) has exactly the right size
discontinuity at time t=0

h(t) =0
h(0") = 1

CLTI Impulse Response (4A)

h(t)=e " ult)

h'(t)=—ae ™ u(t)+ae ™ d(t)

h'(t)+ah(t)
=e " §(t)=e"d(t)
=5(t)

u(t)+e ™ S(t)+ae " ult)

23

Young Won Lim
11/18/14



First Order ODE (n = m) - Impulse Response

he(t)+ah(t) = x'(¢) u () = %au)

h'(t)+ah(t) = 0 Homogeneous
equation

h'(t)+ah(t) = 8'(¢t) = u,(t) Particular

equation

h(t)=0 (t<0) causal system
h(t)=Ke™ (t>0) homogeneous

solution

? (t =0) particular

solution
The highest derivative is the same for h(t) = Ke “u(t) + K,0(t)
the excitation and response (n = m)

yh yp
8(t) included in h(t)
CLTI Impulse Response (4A) 24 Young Won Lim
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Determining Coefficients

y'(t)+ay(t) = x'(¢) _J;h'(t>dt+a_j;h(t>dt = [o'(t)ar
h'(e) +ah(t) = 8'(t) = wt) h(t)+a_j;h(t)dt = (1)
}h'(t)dt+a(jfh(t)dt = Ofié (t)dt Of_h(t)dﬁaofj}oh(?\)d?xdt = jj@(t)dt
h(0 )—h(O_)+a0f+h(t)dt = 8(0")—58(07) (j:h(t)dt+a OfdtJ[j;h(k)dX} = Ofé(t)dt

K +aK, =0 Ky =u(0")—u(0)=1-0

K = —aKy; = —a
h(t) = Ke “ul(t)+ K,5(t) h(t) = 8(c) — aeult)
Y, Y,

Young Won Lim
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First Order ODE (n = m) - Verification

h'(t)+ah(t)=0 (t<0)
{h ()+ah(t)=0  (t>0) h(c) + ahlc)
h'(t)+ah(t)=8'(t) (t=0) _ 6'(t)+aze_t (t)—a/JG)
h(t) = 8(t)— ae “u(t) satisfies + ad(t) - az%(t)
h(0)+ah(t)=8'(c) for all = ol)
CLTI Impulse Response (4A) 26 Younglv\llc;{lsI;ilrz
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