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Solutions of Differential Equations : h(t)

requirement at time t=0
All the derivatives of h(t) up to N must match a

corresponding derivatives of the impulse up to M
at time t=0

requirement at time t# 0

The linear combination of all the derivatives of h(t)
must add to zero for any time t£0

y, (Hu(t) is such a function

y, (1) is the homogeneous solution

CLTI Impulse Response (4B)

d" x(t) d""x(t) dx(t)
d +b, deM! +by_, dt +bMX(t)
Casel N>M

The derivatives of the y (t)u(t) provide all the

singularity functions necessary to match the
impulse and derivatives of the impulse on the right
side and no other terms need to be added

Case2 N=M

Need to add an impulse term Koé(t).. and solve for
K, by matching coefficients of impulses on both
sides

Case3 N<M

The n-th derivative of the function we add to
y, (Qu(t) must have a term that matches the M-th

derivative of the unit impulse. Must add

K _u _(t)+K u (¢) + -+ + Kyu,(t)

m—n_"m-—n m—n—1"m-n—1

=K, 8" "(t)+K ST (E) # -+ K8 (t)

m—n—1
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Requirements at tZ0 (1)

d¥h(t)  d""h(t) dh(t) d¥o(t) . d"'o(t) do(t)
+ bt +a. h(t b +b +---+b +b,, 0(t
dc a, q ay_4 dt ay ( ) 0 q” 1 e M-1" g M ( )
requirements att # 0
h(N)(t)+alh(N_1)(t) -~ +ayh(t)=0 (t#0)
The linear combination all the derivatives of 5(t)
of all the derivatives of h(1) exists only t=0.
must add to zero for any time tz0 It is zero for any time t£0
CLTI Impulse Response (4B) 4 Young Won Lim
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Requirements at tZ0 (2)

d“h(t) d"'h(t) dh(t) d¥o(t) . d"'o(t) do(t)
+a +o4a, +ayh(t) = b +b +b,,_ +b,, 0(t
dtN 1 dtN_l N—-1 dt N ( ) 0 dtM 1 dtM_l M-1 dt M ()
u(t)=0 the linear combination of all
: step function the derivatives of yp(t)
results to zero
. homogeneous solution
[ [ ] [
u(t)=0 weayy e ayy, =0
for t<0, u(t)=0
y,(t)u(t) when t#0

for t>0, y(hN)"' al}’;qul)"' et ayy, =0

derivatives of { y,-u| produce
derivatives of 6 when t=0

‘ A possible candidate of  h(t)

5 Young Won Lim
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Requirements at t=0 (1)

d"h(t d" 'h(t dh(t d¥ o (t d¥ 18 (t do(t
dtls )+a1 dtN_(l )+---+aN_1 d(t )+aNh(t) = | b, dtl\g )+b1 dtM_(l )+---+bM_1 d<t )+bM6(t)

requirements at t = 0

All the derivatives of h(f) up to N

Need to add a o(t) and its derivatives

must match the corresponding in case that (N < M)
derivatives of an impulse (t) up to M Need to integrate v (i)-u(t) several times
at time t=0 in case that (N > M)
CLTI Impulse Response (4B) 6 Young Won Lim
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Requirements at t=0 (2)

d¥h(t)  d"""h(t) dh(t) d¥o(t) . d"'o(t) do(t)
+a +---+a +a,h(t b +b +b,,_ +b,, 0(t
dtN 1 dtN_l N-1 N () 0 dtM 1 dtM_l M-1 dt M ()
(N<M)
d d" ! d"5(t)  the highest order
— t)ul(t = ————1c,0(t); +
dtN{yh( Jult) dtN_l{CO (e} b, de™ derivatives of d(t)
yh(t)-u(t) gives the highest order (N-1)
Need to have the following terms
(N<M) (N<M)
d" N d"5(t)  the highest order
M—n dtMé(t) * T Mo dt”’é(t) % by de™ derivatives of 3(t)
d" d"
moﬁé(t) + + mM—thMé(t) —

CLTI Impulse Response (4B)
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Requirements at t=0 (3)

d"h(t dV ' h(t dh(t d”s(t d" 15 (t do(t
dtlg )+a1 dtN_(l )+---+aN . ( )+aNh(t) = b, dtl\g )+b1 dtM_(l )+---+bM_1 d<t )+bM6(t)
d" d"
moﬁé(t) + + mM—th_Ma(t) -

all the derivatives of y (t)-u(t) may not

include all the required the derivatives of _Need to add a o(t) and its derivatives
3(t) at the time t=0 in case that (N<V)

in case that N < M.

() = | yule)ue) + myd ¢) (N=M) |
h(t) = .}’h(t)u(t)+m06(t)+m16(t)+'°'+mM—N6(M_N)(t) (N<M) /‘
CLTI Impulse Response (4B) 8 Young Won Lim
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Requirements at t=0 (4)

d¥h(t)  d"""h(t) dh(t) d¥o(t) . d"'o(t) do(t)
de" +a, g toeetay dt +aNh(” = b, q" +b, qe +by_, dt +bM6(d
d" d" (1210 d"5(t)  the highest ord
_dt e highest order
F{ b= ™ (eod(e)} + b, deM derivatives of 3(t)
h(t) gives the highest order (V1)
h(t) must have the following terms
N-M-1
h(t) = _fw_fw y(O)u(t) de---dt
(N<M)
d" qMt [ gh-M-t _aM! d"8(t)  the highest order
F{h(t)} - dtM”{dtNMl (h(t)} dett yi(t)ult) b, de derivatives of &(t)
CLTI Impulse Response (4B) o] Young Won Lim
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Requirements at t=0 (5)

th(t)+a d"'h(t) dh(t)

die" di" !

d¥o(t) . d"'o(t) do(t)
h —|p b
tay (t) 0 a +D, Ji + -1 44

All the derivatives of h(t) up to N

must generate the derivatives of an Need to integrate yh(t)-u(t) several times
impulse &(t) only up to M in case that (N>M)
in case that N > M

_Oo..._oo (N>M)

CLTI Impulse Response (4B) 10
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Derivatives of

h = y,u
B = 0y gy g

h? = y(hz)u + 2y511)u(1) + yhu(z) 2y(hl)(0)6(t) + yh(O)é(l)(t)
h? = yf’)u + 3y£2)u(1) + 3y(hl)u(2) +y, u® 3y(hz)(0)6(t) + 3y(hl)(0)6(1)(t) + yh(O)é(z)(t)
All the derivatives of h(t) up to N incurs
h(t) = y,(t)u(t) the derivatives of an impulse &(t) up to N-1
N
) = G n(0ulo) K" TR e K30 K00

CLTI Impulse Response (4B)
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Three different h(t)'s

h(t) = y,(t)ult)

CLTI Impulse Response (4B)

All the derivatives of h(t) up to N incurs
the derivatives of an impulse d(t) up to N-1

All the derivatives of h(t) up to N incurs
the derivatives of an impulse d(t) up to N-2

All the derivatives of h(t) up to N incurs
the derivatives of an impulse d(t) up to N-3

12
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Derivatives of three different h(t)'s

h(t) = y,(t)u(t) W™ (¢) KM () + K,V () 4+ +Ky . 8Y() +K,0(t)
h(t)=jyh(t)u(t) dt h™(¢) K8V 7)) +K,0" () 4 4Ky ,0(1)
h(t)Zﬂyh(t)u(t) dt dt () K 0" () +e +Ky50(1)
CLTI Impulse Response (4B) 13 Young Won Lim
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All the derivatives of h(t) up to V

(¢ +a,h'" ™ (t) + +ay_,h"(t) +ay_ h"(¢) +ayh(t)
N dN—l 2
(a) 'EPV{YhU} dtN_l{yhU} ZﬁE{YhU} 'E?{yhu} Yy
dN—l dN—2 t
(b) —=rlyaul vz (Yalt] op Yt Yall [ yyude
dN_2 dN—3 t t ot
(c) W{yhu} W{yhu} Yl _J;yhu dt _[O_J;yhu dt dt
(N=M+1) (N-1=M) -1 = gM (M—N+1=0)
(N=M+2) (N-2=M) N2 = g™ (M—N+1=-1)
(N = M+3) (N-3=M) N3 = g™ (M—N+1=-2)
CLTI Impulse Response (4B) 14 Young Won Lim
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Negative powers denote integration

@ M0 =wu  m k() = y,(0ul) = gl
t * t
(0) () = y(cu() he)= [ y(Out)de == ¢ )= [ gle) ar
(c) : % . 1
h?(t) = y,(e)u(e) ‘ h(t) = ﬂ y (u(e) dtde  ——  g"2(¢) E_L_Lg(t) dt dt
CLTI Impulse Response (4B) 15 Young Won Lim
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Derivatives & Integrals of g(t) =y (t)-u(t)

(¢ +a,h'" () + +ay_,h"*(t) +ay_ h"(¢) +ayh(t)
@ ¢g™(t) g™ (t) g”(t) g"(t) g(t)
() 9" () g™ (t) g"(t) g(t) g~ (t)
©) g™ () gV (t) g(t) g (¢) g(¢)
(N=M+1)  (M-N+1=0) h(t) = g™ () = g°(t)
(N=M+2)  (M-N+1=-1) h(t) = g™ "V(t) =g (¢)
(N=M+3)  (M-N+1=-2) h(t) = g™ " (t) = ¢"*/(t)
CLTI Impulse Response (4B) 16 Young Won Lim
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Impulse response h(t) in terms of y (1)-u(f)

h(t) = gM NG = _j;jw ya(t)u(t) de---dt (N>M)
< h(t) = glt)+ m,d(¢) (N=M)
N h(t) = g(t)+m06(t)+m16(t)+---+mM_Né(M_N)(t) (N<M)
CLTI Impulse Response (4B) 17 Young Won Lim
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Impulse Matching (N > M)

M+1
a’s dod
bow + + bM_IE + bM6
d"h d"'h d"*'h d" h dh Bl =
de" Tt Ml R TNy tani =

CLTI Impulse Response (4B) 18 Young W%r/l;lln;



Impulse Matching (N > M)

M+1
d"o do
bo—dtM + ... +bM_1E +bM6
N>M
d"h d"'h d"Mh d" M 'h dh —
qe" +aldtN_1 + +0MW + GMHW oo tay gy tayn =
M+1 I
K, 8™ (t) + K, 0™ V() +-  + Ky, 0(t) y,(t)u(t)
impulse related terms in the left hand side do not have an impulse or its derivatives

CLTI Impulse Response (4B) 19 Young W%r/w;llrg



Impulse Matching (N = M)

M+1
d"s a’'s do
bow +b1dtM_1 +bM_1E +bM6
........................... / NeM /
&
d"h d"'h dh Bl =
dtN +a, dtN—1 + + aN_lE tay -

if h(t) = y;(t)u(t)

it h(t) =y, (Ou(® + o)

CLTI Impulse Response (4B) 20 Young W%?;'{E



Impulse Matching (N < M)

M+1
d"'s d" 15 d" s do
bow +b1dtM—1 +b, 4 + - +bM—1E + by 0
.......................... / NeM_1 /
‘--
d"h d"'h dh
de® Tt Ty tayh =
myd(t) + m,8"(t) give M-1 '
+ K30 (r) oo w K, 0000 yalt)u(t)

i het) =y, (u(t)

it h(t) =y, (Ou(®) + o()+a'(t)

CLTI Impulse Response (4B) 21 Young W%?;'{E



Integrals of

2
ddh (zt) +a, dz(tt) +a,h(t) linear equation with constant coefficients
t

jwyhu)u(t)dt = Cie" 4Gy ff yalt)ul(t) dede yalt)u(t)
y,(t) = c,e™ +c,te™ m, m, = —a,/2
[ nf0ul) de | G+ Cute™ [ ] yyle)ule) duct y,(d)u(o
Yalt) = cie”" +c,e™ s, s, = (—a,+iV4a,—a’)/2
[ nua = Ce+ G dm [ [ yyfule) et lou(0
CLTI Impulse Response (4B) 292 Young W%?55|1n51



Integrals of v (1)-u(l)

t t
f f yh(t)U(t) dt---dt — yh(t)u(t) linear equation with constant coefficients

CLTI Impulse Response (4B) 23 Young W%%'}'f?



Case Examples

(N>M) _
N N-1 IN Most systems N> M
d h(t) d"'h(t) dh(t) _
Py +a, e +oetay I -+aNh(0 =
h(t) =
dV'o(t) , dV?o(t) do(t)
Py de™ ! +b, de¥ by dt by_.0(t) y, (t)u(t)
M=N-1
(N=M)
d" h(t d¥ 1h(t dhl(t
dtlg)+a1 dtN—(1)+‘“+aN—1 di )+(1Nh(t) —
- h(t) =
d¥o(t) . dV7'o(t) do(t)
b b +b b,d
0 dtN + 1 dtN—l + N-1 dt N (t) yh(t)u(t> + moé(t)
M=N
(N<M) seldom used
dVh(t d¥ 'h(t dh(t
Ll
N+1 N h t —
bodd 1\16+(1t)+b1dd615t) +bNd2(tt)+bN+16(t) ( )
t t .
M= N+1 Yult)u(e) + med(t) + m;d(t)
=N+
CLTI Impulse Response (4B) 24 Young Won Lim
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ODE's and Causal LTI Systems

N N-1
ddle(vt)mld h(t) dh(tt)+aNh(t) = |b,

d"o(t)
de"

dM‘lé(t)+...+b do(t)

dtM—l M-1 dt +bM6(t)

+b,

N > M : (N-M) Integrator

N < M : (M-N) differentiator — magnify high frequency components of noise (seldom used)

o a0 ()

m,d(t)

CLTI Impulse Response (4B) 25 Young W%r/w;llrg



n(t) can have at most a o(t) for most systems

b 6(N) the highest order
0 derivatives of 5(t)

if h contain § cs'Nv —

cannot be matched

. . + (N) the highest order
if h contain 8"’ C&'"™N*" ZF  Dyd derivatives of ()

cannot be matched

. . + (N) the highest order
if h contain 8% ceNY == b,yd derivatives of (1)

t=o h(t) can have at mostanimpulse byd(t)

. . . . >
no derivatives of §(t) possible at all in most systems N 2 M

CLTI Impulse Response (4B) 20



n(t) can have at most a o(t) (N = M)

(D"+a,D"'+:--+a,_,D+ay)h(t) = (boDN"'leN_l"'"'+bN—1D+bN'

If &'(t) isincluded in h(t)

then the highest order term the highest order term
in the LHS in the RHS
% > 5 U(r) 5™V (¢) = 5™ (¢t) == contradiction
t
h(t) cannot contain d0)(t) at all — h(t) can contain at most o(t)
onlywhen N = M
CLTI Impulse Response (4B) 27 Young Won Lim
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Causality

Causal Signals:
the input signals
starts at time t=0

Causal System:

begin before the input

x(t) wwsh o h(c) ) y()

Y(t) = fX(’l:)h(t_T) dt x(t)=0

<
=
I
~
=
*
—
=
I
B
~
A
~
=
|
a
Q.
A

0 toinclude an impulse function &(t) in h(t)

CLTI Impulse Response (4B) 29

the response h(t) cannot

h(t—t)=0

Causal Signals:
the output signals
starts at time t=0

causal signal: x(t)=0 (t<0)

(t—t<0) causal signal: h(t)=0 (t < O0)

causal signal: y(t)=0 (t<0)




h(t) as a ZSR (t = 0)

S(t—v) W) h(t—v) x(v)h(t—v)

T/X x(v)ole—v) mm)  x(v)h(e=v)
I | input value at time v

= X(v)
v 1 delayed impulse response v
- X(V) h(t - v)

by =
I/‘ij S(t—v) ‘ fx(v)h(t—v)dv

1 1

CLTI Impulse Response (4B) 30 Young W%?55|1n51



h(t) as a ZIR (t > 0)

d"h(t d""h(t dh(t d"o(t d" 1o (t do(t
dt( ) 1 dtN—(l )"' tay_, ( )+aNh(t) = | b, dtﬂg )+b1 dtM—<1 >+.“+bM—l%+bM6(t)
o h(e) = y,(0)ule)
h luti fth
Interval of Validity (t > 0) i
creates nonzero i. ¢ K Y(0") = ky_s
h(N_z)(0+) = ky_»
h(”(0+) = k;
h(0+) = kO
an impulse may be present No impulse is assumed
5(t) h(t) h(t)
: ! .
t>0 t>0 t>0
CLTI Impulse Response (4B) 31 Young Won Lim
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Impulse Response h(t)

3(t) ht)
) ) wond h(t) )
5(07)=0 5(07)=0
SN N
t=0" t=0 t=0" t=0" t=0 t=0"

General y(t) cannot be a ZIR

for a general input x(t) h(t) : ZIR with the created I.C.  (impulse input vanishes x(t) =0 for t > 0)

(generally x(t) # 0 for t > 0) 0 +
RY7U(0%) = Ky t=0 h(t) = char mode terms
(N-2)(n*+) = k (t#0)
h (0") N-2
(N>M)
HY(0") = k t=0 h(t) = b,5(t) atmostanimpulse
h(0*) = k,
onFzero . t=0 h(t) = b,d(t)+ char mode terms
Ji, k#0
h(t) : ZSR to an impulse input
CLTI Impulse Response (4B) 32 Young Won Lim

2/5/15



O(t) creates initial conditions

t=0" t=0 t=0" t=0"

e generates energy storage
e creates nonzeroi.c.at ="

(N-1) [ ny  — initially (N) _ (i) assumed (N-1)(0*) = k non-zero initial
h(N_z)(O_> =0 at rest (l’:_l)(o) B fN‘l(k"’a(i)) finite jumps h(N_z)(0+) ¥ | conditions
h (O ) =0 h (O) = fuyolk;,d") h (0) ky_»
: : : : di, k,#0
HY0) =0 H2(0) = f,(k,8") Impulse K0 = Kk,
CLTI Impulse Response (4B) 33 Young Won Lim
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Total Response

[—o, 07] 07, +oo]
y(t) = y,(t) = t<0" the total response
zero input response because the input y(07) = y(07)
+ has not started yet possible discontinuity
att=0

zero state response
y(07 )=y, (07)=y,(07)  y(07)=y,(0")+y,(07)
j’<0_) — yzi(o_) - yzi(0+) j’(0+) = .y.zi(0+)+y.zs(0+)

0, +oo]
O_ 7 '0_ + + +
y.h((o_))i Xz’((o_)) y(07) = y,(07)+y,(0%)
natural response Y ) Y ) = 3,(0")+y,(0")
+ y,(07) # y,(07)
forced response Y,p(07) # y,(07) y(07) = y,(07)+y,,(07)
y(07)# y,(07) = y4(07)+y,(07)
y(07) # y,(07)
Interval of validity t > O
CLTI Impulse Response (4B) 34 Young W%?55|1n51
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Impulse Matching Method Summary

d¥h(t)  d""h(t) h(t) d’o(t) . d"'o(t) do(t)
dt 1 g toeetay +aNh(t) = | b, d” +b, e +”'+bM—lT+bM6(t)
ho) =0 || h(0") =k t R(e) = folk:")
o) =0 ) w0 =k t W) = fulk,8")
""%07) =0 I WY(07) = kyo } R () = fro(k;,d")
KY07) =0 I A0 = Ky } HY(e) = Fes (i, 0")
initially at rest assumed finite jumps

] ! ]

h")(0) + a,h' " "(0) + -+ ay_, h"(0) + a O = b,8™(¢) + b, 8" V(t) + -+ b,_,5"(t) + b, SEN

Impulse matching

t

h(t) = (coek"t + Clekl + -+ cN_zeth + CN_lek”'t)-u(t)

CLTI Impulse Response (4B) 36 Young W%?;Ts]



Differentiate each initial condition (N-1 = M)

h(07) = I h(0%) = ko 4 hWU(e) | = kod(t)

WY(07) = T W0 =k | b @0kl | +k,8"()
h(""z);o‘) -0 |_[ h(N‘z)i()*) = kyo | 4 h(N‘:l)(t) = k;_zé(t) +ky 0 (e) + o +k 0™ 2(¢)
W0 =0 IR0 = ke 4 LM () | = ka0 [k 580() + e k8T (0 w8 (1)
initially at rest assumed finite jJumps (N > M - N-T = |\/|)

substitute K™ ()

J ooy U

W)+ a [l ()4 -+ ay WV (0)]+ a JH@E = b,5"(¢) +b,8™ V(¢)+---+b, 8Y(t)+b,5(t)

N variables / N equations

CLTI Impulse Response (4B) 37 Young W%?55|1n51



Find the finite jumps

h'(t) | = k,d(t)

h2(c) | = kd(t) | +k,8"(t)

A1) | = kB0 |+ 580 + o 4k ()

h(N)(t) = N—16(t) +kN—26(1)(t)+‘ +k16(N_2)(t)+k06(N_1)(t)

substitute  R"(¢)

oo L

W)+ a ")+ - + ay_ WV (0)]+ a JHEH @b, 5" (¢) +b,8™ V(¢)+---+ b, 8Y(t)+b,5(t)

ﬂ Impulse matching

Impulse matching Find coefficients  Find the finite jumps
d, 8" V(t) = b,d™(¢) d, ko
d, 8™ () = b,8a™ V(1) d, ky
5 - : - : N variables / N equations
dy ,8"(t) = b,8"(t) dy_, Ky_»
dy 8"(t) = b,,8"(¢) die Ky_1
CLTI Impulse Response (4B) 38 Young W%?Sb'lr‘;



Find the homogeneous solution

h(07) = 1 h(07) = ko substitute
ho ) = 1 W0 = Kk k
: : : _ Yh(t) — (Coe}wt + Clehlt teeet CN—zekN_Zt T Cy_ € N't)
W207) =0 |_I| A0 = ky.,
H¥Y07) =0 || A% Y0) = ky,
initially at rest found finite jumps (N > M N-1 = |\/|)
o .yh(t) ho(t) ::.Yh(t)u(t)
Cq
Cn-2 _.L
Cn-1
found homogeneous response
found impulse response ~ h(t) = y,(t)u(t)
CLTI Impulse Response (4B) 39 Young Won Lim
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Case: N-Z2 =M

h(07) = I h(0%) =
W) = 1 W0 =k
h(N_Z)EO_) :;) I h(“)io*) ::kN_z
h(N—l)(O—) -0 _I_ h(N_l)(O+) = ky_,

=) continuous (nNo jump)

W2(t) | =| k,d(t) +0

initially at rest

substitute K™ (t)

A (e)]+ a A" V(O )+ - + ayy_ KV (¢

assumed finite jJumps

WY (e) | = ky,8(0) | +ky_,8"() + - +0
h(N)(t) - N—16(t) +kN_25(1)(t) + - +k16(N_2)(t)+0
(N>M: N-2=M)

Impulse matching Find Find Find
d, 8" (t) & byd™(¢) d, ko =0 Co
d,8"(t) = b,6™ (¢ d, ky al
= = h(e) = y,(0)ule)
dy ,8"(t) = b,8"(t) dy_, ky_s Cro2
dy ,8"(t) < b,,8"(¢) dyy Ky—1 Cr-1
CLTI Impulse Response (4B) 40 Young Won Lim
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A o(t) needs to be added to characteristic modes (N = M)

dh(t)  d""h(t) dh(t) d’o(t) . d"o(t) do(t)
+--+ —=+ayh(t) =b +b +---+b,, ——=+b, 0(t
dt 1T g N ay_q dt ay () 0T g M R M-1" g M ()
HY(0) = kyd(t) +b,0"(¢)
(0)] = k,o(t) | +k, 0" (¢) +b, ™ (t)
h(Nf-l)(O) — kN—za(t) + .. +k16(}\f—1)(t) +k06£N_2)(t) +b06(N_1)(t)
WY (0)] = ky  8(0) | +ky ,8M(e) + -+ +k, 8" P (0) +k, 8 (e) by 5™(¢)

Impulse matching
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A General System S and a Base System SO

General System S

(By, by, -+, by)
x(t) mmmd h(t) > y(t) h(t) :theimpulse response of S
o(t) L 0 @) ht)
Base System S0
(0,---,0,1)
x(t) wmmd g (t) ) w(t) h,(t) :the impulse response of SO
o1 e
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ZIR of a Base System SO

h,(t) include no impulse 8(t) (t>0)

h,(t) include characteristic modes only

System S and SO0 have the

same ch

aracteristic modes

an impulse function
generates energy storage
creates nonzero initial
condition at ¢t=0"

yn(t) : viewed as the zero input response of SO

[cf) natural response all the lumped char modes j

homogeneous response

yalt)
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Superposition of iInputs

A+ ah™ e+ cvay K+ ayh(e) = 8" v h(t) hy(t) = H(t)
A + a,h Y+ -+ ay B+ ayh(t) = oY Nt h(r) hy.(t) = h)" "(¢)
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h(t) of a General System S viay (t)

(0,---,0,1)
1 _
X<t) ‘ ho(t) ‘ W(t) h, = a_<6_h£)N)_a1hE)N Y- _aN—lhél))
ot} (Y v
causal  h,(t) = y (t)u(t)

(bO’bI, bN)
x(t) mmsd h(t) b y(t)  h(t) = boh"(e) + bk (e) + -+ by hY(¢)
6(t) (1:‘11: aN) h(t)

causal h(t) = bo{ynu}(N) + bl{ynu}(N_l) oo+ bN{ynu}(O)
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Impulse Matching of h (t)

(0, -, 0

)

(1’ a, -, aN)

the only finite jump

continuous

continuous

CLTI Impulse Response (4B)

w(t)
h(t)

da

dt
hy' "?(07)  hy'"?(0")

d

47

o= Lo h -
N
causal  h,(t) = y. (t)u(t)
d S
1 dt it)
0 _

—ay_hy)
Y I(0%) = 1
hy'?(0%) = 0
hy'2(0) = 0




New Initial Condition created by o(t)

(N) (N-1) , . (1) | Single Impulse at the right hand side
R+ alh toeetay —lh tay h(t) B - creates a unigue initial condition

integrate integrate integrate integrate
d"h,(t) d"'h,(t) d"*h,(t) dh,(t)
(;v +a; Nol 2 N£)2 + Ay_1 - + aNhO(t) =18(t)
dt dt dt dt
1 B . B . . B . B
S(t) u(t) tu(t) "% u(t) N u(t)
differentiate differentiate differentiate differentiate
\ J \ J \ J
Y Y Y
A unit A unit jump no jump
impulse discontinuity discontinuity
att=0 att=0 att=0
BYU07) = 1 R0 = YU(07) = - BY(07) = hy(07) = 0
CLTI Impulse Response (4B) 48 Young Won Lim

2/5/15



h () and y (t)

N>M: hy(t) include noimpulse 8(t) (t>0)

h,(t) include characteristic modes only
System S and SO have the k

same characteristic modes

Solve

Valt) = (coe™ +cie™ + - 40y e + CN—1eKN’t)

Young Won Lim
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Simplified Impulse Matching

(DN+‘11DN_1+"°+GN—1D+GN) ’ h(t) — (bN—MDM+bN—M+1DM_1+'"+bN—1D+bN> ’ 6(t)

(DN+alDN_1+---+aN_1D+aN) . ho(t) = 6(t)

t>0" h(t) = characteristic mode terms

t>=0 h(t) = A,8(t) + characteristic mode terms

Simplified Impulse Matching Method h(t) = b,d(t) + [P(D) hy(t)]- u(t)

h (t) linear combination of characteristic modes
0 with the following initial conditions

50 Young Won Lim
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Simplified Impulse Matching Method (1)

d" y(t d" " y(t dy(t d" x(t d" ' x(t dx(t

d)tll\(’ )+a1 dtN)i(l )+ +a,_, Z( )+aNy(t) =|b, thS )+b1 dtM_(l) +b,_, d(t )+bNx(t)
Derived System S

shares the same characteristic modes

Base System SO ‘/
d"y(t) d"y(t) dy(t)

de” +ta, dev ! teeetay dt +aNY(t) = X(t)

_ At linear combination of characteristic modes

d'y(), a7y, o dy(d), y(0) =| 0 alt) with the following initial conditions

e 1 ddv! Mod N

(N=1) [ n+) — (N=2)(A*) — ... — U+ — +\ _ Yet, another linear combination of
Yn <0 )_1 Yn (0 >_ =Y (0 )_ yn(O )_0 yh(t) characteristic modes

becomes
h(t) = b,d(t) + [P(D)y,(t)]u(t) h(t) = y,(t)u(t)
CLTI Impulse Response (4B) 51 Young Won Lim

2/5/15



Simplified Impulse Matching Method (2)

(D" +a,D"'+---+a,_,D+ay)w(t) = x(t) Q(D)w(
(D" +a,D" '+---+a,_,D+a,)y(t) = (b,D"+---+b,_,D+b,)x(t) Q(D)P(D)w(

y(t) = (b, D"+-+b, ,D+b,)w(t) y(¢) = P(D)w(c)
(D" +a,D" '+--+ay_,D+ay)y,(t) = 8(t) Q(D)y,(t) = d(t)
(D"+a,D""+-+ay_,D+ayJh(t) = (b,D"+-+b, ,D+b,)d(t) Q(D)P(D)y,(t) = P(D)3(t)
h(t) = (b,D"+---+b,_,D+b,)y.(t) h(t) = P(D)y,(t)
No interval restriction
Causality is considered  causal y,(t)ul(t)
h(¢) = P(D)[y,(t)u(t)] m [P(D)y,(t)]ult)
h(t) = b,5(t) + P(D)y,(t), t=0
h(t) = b,8(¢t) +[P(D)y,(t)]u(t)
CLTI Impulse Response (4B) 52 Young Won Lim
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Impulse Input

d’y(t) dy(t) d’x(t) dx(t)
e + a, r + azy(t) = b, T + b, T + b,x(t)
6(t) (by. by, b,) m=y'(0%) Case N>M (b =0)
o y(07) No delta function
) T ) mm) h(t) )
5(07)=0/]38(0")=0
l (1) (11, (12)
h(t) () Case N=M (bo_io)
T No delta function
m = y’(0+)/q)+)
All initial conditions generates energy storage creates y(07)=0 y(0")=K,
are zero at t=0" nonzero initial condition at t=0" y'(07)=0 y'(0") =K
IVP (Initial Value Problem)

CLTI Impulse Response (4B) 54 Young Won Lim
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Derivatives of a delta function at the output

d’h(t) dh(t)

dol(t
dtz + GIT + (lzh(t) = bo ( )

dt’ bodte

+ b,d(t)

if h(t) contains §"W(¢) (b, # 0)

8¥(e) + - #  b,8%¢) + bd3(t) + b,d(¢)

the impulse response h(t) can contain at most §(t) (by # 0) N= M

the impulse response h(¢) cannot contain any derivatives of §(t)

o(t) mmm) h(t) ) b,5(t) + char modes
sl .
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Impulse Response h(t)

d’h(t) dh(t) d’d(t) dd(t)
+ a + a,h(t) = b +
dtz 1 dt a2 ( ) 0 dtz bl dt + b26(t)
m=y'(0") Case N>M (b_=0) b,, b, b, .
¥(07) No delta function & | Impulse Matching
‘ h(t) ‘ -determine  y(0%), y'(0")
1, ay. a) -then determine ¢, ¢,
h(t) 50 Case N=M (b_#0)
T No delta function
, h(t) = b,d(t) + (D ;e |ult)
m=y'(0+)ﬁ)+)
s h(t) = i (0,0,1)
(ttioo) te(:|)rr|s (;rr]]?;actenstlc mode Simplified Impulse Matching
B ) use y(0*)=0, y'(0%) =1
_ h(t) can have at most an impulse -then determme c, C,
t=0 " p §(¢) or finite jump (1, a,, a,) :
h(t) = byd(t)+ char mode terms t>0 h(t) = bed(t) +|(byD*+ b, D +b,)[ D, cie ™ ||ult)
CLTI Impulse Response (4B Young Won Lim
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Base System Impulse Matching

Yl () + a () +

yn(t) must continuous
y(07)=y,(07)=0

— t

r
yW(¢) must continuous

yWo)=y"0o)=o0

Lo — r

y'"=1(¢) must be discontinuous

P07 =1, (07 =0

n n

-

If'y (t) is discontinuous, then

there should exist derivatives
of delta : 30)(t)

If y ®(t) is discontinuous,

then there should exist
derivatives of delta : d0)(t)

y.(t) contains no impulse, but
characteristic modes only

N> M (=0)
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Impulse Response and Other System Responses

ylt
Impulse Response (®)

impulse or its
derivative functions

‘ h(t) ‘ may exist at t=0

PN /
- 0

AN

t=0 t=0"

[l —p

Step Response

A may not be continuous but
not contain an impulse
function at t=0

wend s(t)  memd
!

AN AN

t=0" t=0 t=0" t=0" t=0 t=0"

CLTI Impulse Response (4B) 590 Young W%?;T;



X() =1

1 yi(6)+y(t) =1
) h(t) )
y(0)=2 ylt)=1+e" y'(t)=—e"
y(0)=1 y(t)=05(1+e") y'(t)=-05¢e"
y(0)=0 y(t)=1-¢" (t)=+e"

CLTI Impulse Response (4B) 60 Young W%r;;lln;



x(t) = u(t)

Step Response

u(t) mesh  h(t) e s(t) y'(t)=[e"ult)+(1—e")d(t)]
"

i ;
' |

o(t) mwshi h(¢) w==h k)
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x(t) = &(t)

y(07)=0

All initial conditions are
zero at t=0

CLTI Impulse Response (4B)

t=0" t=0 ¢t=0"
Generates energy
storage creates
nonzero initial condition y(0)=1

at t=0"

%
/

Young Won Lim
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X(t) & x'(t) forcing functions

h'(t)=—ae ™ u(t) + e 8(t)

h'(t)=—ae ™ u(t)+ §(t)
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Unit Step Function

Y1
g, (t) = undefined

)

ga(t) = Y2

(t<0)
(t=0)
(t>0)

(t<0)
(t=0)
(t>0)

o
fgl.(t)dt =0 (i=1,2,3,4)
e

The area under a single point is zero, regardless
of the point's value , if it is finite

The system response is the same

The transform is the same also

Any two functions that have finite values
everywhere and differ in value only at a finite
number of points are equivalent in the system
response or transform

CLTI Impulse Response (4B)
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