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Selected Laplace Transform Pairs (1)

http://en.wikipedia.org/wiki/Laplace_transform
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Selected Laplace Transform Pairs (2)

http://en.wikipedia.org/wiki/Laplace_transform
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Unit Step Function

F(s) = ∫
0

∞

f (t )⋅e−s t dt

1 u(t) = ∫
0

∞

1⋅e−st dt

= lim
b→∞ [−1

s
e−st ]

0

b

= lim
b→∞ [−1

s
e−sb

+
1
s
e−s0]

s > 0 F(s) =
1
s

1 u(t−a)

1 1

1 1

a

= ∫
0

∞

u(t−a)⋅e−st dt

= ∫
0

a

u(t−a)⋅e−st dt + ∫
a

∞

u(t−a)⋅e−st dt

0<t<a

= ∫
a

∞

u(ν)⋅e−s(ν+a) d ν = e−a s∫
a

∞

u(ν)⋅e−sν d ν

ν = t−a d ν = dt
ν+a = t

= e−as⋅
1
s

F(s) = ∫
0

∞

f (t)⋅e−s t dt

1
s

1
s

1
s

e−a s 1
s
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Unit Step Function

f (t) f (t)u(t)

F (s)

e−a s F(s)

f (t−a) = 1

f (t−a)u(t−a)

a

e−a s F(s)

a
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Unit Step Function

F(s) = ∫
0

∞

f (t−a)u(t−a)⋅e−st dt

f (t) f (t)u(t)

f (t−a) = 1 f (t−a)u(t−a)

= ∫
0

a

f (t−a)u(t−a)⋅e−st dt

+ ∫
a

∞

f (t−a)u(t−a)⋅e−s t dt

0<t<a

= ∫
a

∞

f (ν)u(ν)⋅e−s (ν+a) d ν

= e−as∫
a

∞

f (ν)⋅e−sν d ν

ν = t−a
d ν = dt

= e−as⋅F (s)

a

F (s) F (s)

e−a s F(s)e−a s F(s)
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Transforms of f(t) and f(t)u(t)

t tu(t )

sin (ω t) sin (ω t)u(t)

cos (ω t ) cos (ω t)u(t)

ω
s2

+ω
2

s

s2
+ω

2

1
s
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Transforms of (t±1) and (t±1)u(t±1)

t+1 (t+1)u(t+1)

1

s2 −
1
s

e−s 1

s2

1

s2 +
1
s

t−1

(t−1)u(t−1)

f 1(t ) = t+1 ≡ f 2(t ) = (t+1)u(t+1) (t ≥ 0)
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Translation in the s-domain

e+a t f (t ) F (s − a)

F(s−a) = ∫
0

∞

f (t)⋅e−(s−a )t dt = ∫
0

∞

[e+a t f (t)]e−s t dt

| 1
(s+5) |

arg { 1
(s+5) }u(t )

e+5 tu(t)

σ

ω

σ
−5

ω

σω

f (s)
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cos(ωt)

| s

s2+22 |

arg { s

s2
+22 }

cos (ω t ) cos (ω t )u( t)

s

s2
+ω

2σ

ω

σω

f (s)
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sin(ωt)

| 2

s2+22 |

arg { 2

s2
+22 }

sin (ω t) sin (ω t)u(t)

ω
s2+ω2σ

ω

σω

f (s)



Pairs (4A) 13 Young Won Lim
1/8/15

cosh(ωt)

| s

s2−22 |

arg { s

s2
−22 }

cosh (ω t) cosh (ω t)u(t )

s

s2
−ω

2σ

ω

σω

f (s)
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sinh(ωt)

| 2

s2−22 |

arg { 2

s2
−22 }

sinh (ω t) sinh (ω t)u(t)

ω
s2−ω2σ

ω

σω

f (s)



Pairs (4A) 15

| s

s2+22 |

arg { s

s2
+22 }

| 2

s2+22 |

arg { 2

s2
+22 }

| s

s2−22 |

arg { s

s2
−22 }

| 2

s2−22 |

arg { 2

s2
−22 }
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| s

s2+22 |

arg { s

s2
+22 }

| 2

s2+22 |

arg { 2

s2
+22 }

| s

s2−22 |

arg { s

s2
−22 }

| 2

s2−22 |

arg { 2

s2
−22 }
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Plot of es 

es = eσ+iω = eσ eiω

|es|= eσ|eiω|= eσ arg { es
}= 0 + arg{ eiω

}= ω

σω

f (s)
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Translation in the t-domain

f (t−a)u(t−a) e−a s F (s)

∫
0

∞

f (t−a)u(t−a)⋅e−st dt

=∫
0

a

f (t−a)u(t−a)⋅e−s t dt +∫
a

∞

f (t−a)u(t−a)⋅e−s t dt

u(t )

u(t−2)

σ

ω

σ

ω

| e−s

s |

arg { e−s

s }
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