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Complex Numbers
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Complex Numbers

i = −1

i2 = −1

i3 = −i

i4 = 1

i

−1 1

−i

∗ i∗ i

∗ i∗ i

(3,2)

i2⋅i = −i

i2⋅i2 = +1

real

imaginary

3 + i2

(3,2) two real numbers
2-d coordinate

3 + i2 one complex number
with real part of 3
and imaginary part of 2
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Coordinate Systems 

x = r cos

y = r sin 

(r ,θ)

(x , y )

θ

r

(a) Cartesian Coordinate System

(b) Polar Coordinate System

r = √ x2 + y2

tanθ =
y
x
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Coordinate Systems and Complex Numbers

real

imaginary

θ

r

(a) Cartesian Coordinate System

(b) Polar Coordinate System

θ

(d) Complex Number (II)

(c) Complex Number (I)

x + i y

r e iθ

(x , y )

(r ,θ)
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Complex Numbers

real

imaginary

θ

(d) Complex Number (II)

(c) Complex Number (I)

x + i y

r e iθ

x = r cos

y = r sin 

r = √ x2 + y2

tanθ =
y
x

= r (cosθ + i sinθ)

x + i y = r cosθ + i r sin θ

= r eiθ

real

imaginary

eiθ = cosθ + isin θ
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Euler's Formula (1)

eiθ = cosθ + isin θ

ℜ{eiθ} = cosθ

ℑ{ei θ} = sinθ

i

−1 1

−i

∗ i∗ i

∗ i∗ i

e iπ/2

e iπ

e i3π/2

e0

x

y

= 0 + 1ie iπ/2

= −1 + 0 ie iπ

= 0 − 1ie i3π/2

= +1 + 0ie0

= +i = e−i3π/2

= −1 = e−iπ

= −i = e−iπ /2

= +1 = e−i2π
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Euler's Formula (2)

e+iθ = cosθ + isin θ

e0

e iπ/4

e iπ/2

e i3 π/4

e iπ

e i5 π/4

e i3 π/2

e i7 π/4

e0

e−i7 π/4

e−i3π/2

e−i5 π/4

e−iπ

e−i3 π/4

e−π /2

e−π /4

e−iθ = cosθ − isin θ
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The Euler constant e

d
d x

ax = lim
h0

a xh − ax

h
= ax lim

h0

ah − 1
h

lim
h→0

ah
− 1
h

= 1 f ' 0 = 1

d
d x

ex
= e x

f x  = e x f ' x  = ex f ' ' x  = ex

lim
h→0

ah − a0

h − 0
= 1

e = 2.71828⋯

⇒ ax such a, 
we call e
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The Euler constant e

f ' 0 = 1

d
d x

ex
= e x

f x  = e x

f ' x  = ex

f ' ' x  = ex

lim
h→0

ah − a0

h − 0
= 1

e = 2.71828⋯

lim
h→0

ah
− 1
h

= 1 iif a = e

Functions f(x) = ax are shown for 
several values of a. e is the unique 
value of a, such that the derivative of 
f(x) = ax at the point x = 0 is equal to 
1. The blue curve illustrates this case, 
ex. For comparison, functions 2x 
(dotted curve) and 4x (dashed curve) 
are shown; they are not tangent to the 
line of slope 1 and y-intercept 1 (red).

http://en.wikipedia.org/wiki/Derivative
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The Derivative of ax

ax
= e ln ax

= e x ln a

d
d x

{ax
} =

d
d x

{e x lna
}

= {ex lna
}

d
d x

{x ln a}

d
d x

{ax
} = {ax

} ln a

d
d x

{ex
} = {ex

} ln e = {ex
}
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Absolute Values and Arguments

∣r eiθ∣ = ∣r∣∣eiθ∣ = r √cos2θ + sin2θ

arg (r eiθ
)

r (cosθ + i sinθ)

∣z∣ = r

arg (z) = θ

absolute value

argument, phase



r cosθ

r sin θ

z = r eiθ =

r



cosθ

sinθ
1



Complex Analysis (BGND.1A) 14 Young Won Lim
5/5/15

Computing Complex Number Argument

π
2

−π
2

π
2

−π
2

π

−π

y
x

> 0
y
x

< 0

y
x

< 0
y
x

> 0

atan( y
x )atan( y

x ) + π

atan( y
x )atan( y

x ) − π

atan( y
x ) + π

atan( y
x ) − π

atan( y
x )atan(y/x) atan2(y, x)

[0, +π]

[0, −π]

+π
−π



Complex Analysis (BGND.1A) 15 Young Won Lim
5/5/15

sin and cos 

ei 
= cos  i sin

ℜ{ei 
} = cos =

ei
 e−i

2

ℑ{ei 
} = sin  =

ei 
− e−i 

2 i

e−i 
= cos − i sin

e+iθ = cosθ + i sinθ



−e−iθ = −cosθ + i sinθ

e+iθ = cosθ + i sinθ



e−iθ = cosθ − i sinθ
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y

z

y

z

x

x

z

y

x

Complex Exponential

real

imag

time

real

imag

time

real

imag

time

2π

e j t
= cos t  j sin t

phase

time

Top View

Front 
View

Side View

θ = ω t
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ℜ

ℑ

t

ℜ

ℑ

t

e+ jω0t = cos (ω0 t) + j sin (ω0 t) e− jω t
= cos (ω0 t) − j sin (ω0 t)

e+ j t
= cos ( t) + j sin (t) (ω0 = 1) e− j t

= cos ( t) − j sin (t) (ω0 = 1)

Conjugate Complex Exponential
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ℜ

ℑ

t

e+ j t
= cos ( t) + j sin (t)

e− j t
= cos ( t) − j sin (t)

(e+ j t
+ e− j t

) = 2cos (t)

Cos(ω
0
t) 

=
A
2

e+ jω0t +
A
2

e− jω0t

x (t) = A cos (ω0 t)
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ℜ

ℑ

t

e+ j t
= cos ( t) + j sin (t)

−e− j t
= −cos (t) + j sin (t )

(e+ j t
− e− j t

) = 2 j sin ( t)

x (t) = A sin (ω0 t)

Sin(ω
0
t) 

=
A
2 j

e+ jω0 t −
A
2 j

e− jω0 t
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Complex Power Series

e x
= 1  x 

x2

2!


x3

3!


x4

4!
 ⋯

ei 
= 1  i  

i
2

2!


i 
3

3!


i 
4

4!


i
5

5!
 ⋯

ei  = cos  i sin 

= 1  i −


2

2!
− i 

3

3!



4

4!
 i 

5

5!
 ⋯

=  1 −


2

2!



4

4!
 ⋯   i   −


3

3!



5

5!
 ⋯ 

sin x = x −
x3

3!


x5

5!
−

x7

7!
 ⋯

cos x = 1 −
x2

2!


x 4

4!
−

x6

6!
 ⋯
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Taylor Series

f x  = f a  f ax−a 
f a

2!
x−a2  ⋯ 

f na

n!
x−an  ⋯

x = a

f a
f ' a
f ' ' a

f 3 
a

⋮

f x 
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Maclaurin Series

f x  = f a  f ax−a 
f a

2!
x−a2  ⋯ 

f na

n!
x−an  ⋯

x = 0

f 0 
f ' 0 
f ' ' 0 

f 3 
0 

⋮

f x 

f  x  = f 0  f 0 x 
f 0

2!
x2  ⋯ 

f n0

n!
xn  ⋯
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Power Series Expansion

sin x = x −
x3

3!


x5

5!
−

x7

7!
 ⋯

cos x = 1 −
x2

2!


x 4

4!
−

x6

6!
 ⋯

e x
= 1  x 

x2

2!


x3

3!


x4

4!
 ⋯

f  x  = f 0  f 0 x 
f 0

2!
x2  ⋯ 

f n0

n!
xn  ⋯



Complex Analysis (BGND.1A) 24 Young Won Lim
5/5/15

Complex Arithmetic

z = a + i b

w = c + i d

z+w = (a+c) + i(b+d)

z = a + i b

w = c + i d

z−w = (a−c) + i(b−d)

z = a + i b

w = c + i d

z w = (ac−bd ) + i(ad+bc)

z = a + i b

w = c + i d

z
w

=

= ( ac+bd

c2
+d2 ) + i(−ad+bc

c2
+d2 )

= ( a + i b
c + i d )( c − i d

c − i d )

(a + i b
c + i d )
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z = x + i y = ℜ{z}+ i ℑ{z}

Complex Conjugate

z = x − i y = ℜ{z}− i ℑ{z}

ℜ{z} =
1
2

(z + z)

ℑ{z} =
1
2 i

(z − z)

z + w = z + w

z − w = z − w

zw = z w

( z
w ) =

z
w

1
z

=
1
z
⋅
z
z

=
z
z z

=
z

x2 + y2
=

z

∣z∣
2

z z = (x + i y)(x − i y) = x2
+ y2
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a = e loge a = e lna

Complex Power (1)

ab = (e logea)b = (eln a)b = eb lna

ai b
= (eloge a)

i b
= (eln a

)
ib

= eib lna

= cos(b lna) + i sin (b ln a)

ac+ib
= ac

(eloge a)
ib

= ac
(eln a

)
i b

= ac ei b ln a
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Complex Power (2)

ai b
= ei b ln a = [cos(b lna) + i sin(b lna)]

ac+ ib
= ac ei b ln a

a = e lna

ab
= eb ln a

= ac [cos(b lna) + i sin (b lna)]
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