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Leading and Free Variables
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1⋅x1 + 0⋅x2 + 0⋅x3 = 5 1⋅x1 + 3⋅x3 = −1

1⋅x2 − 4⋅x3 = 2

with a leading 1

leading variables

Other remaining varaible

free variables

1⋅x1 − 5⋅x2 + 1⋅x3 = 4
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0⋅x1 + 0⋅x2 + 0⋅x3 = 1

0 = 1

0⋅x1 + 1⋅x2 + 0⋅x3 = 7

0⋅x1 + 0⋅x2 + 1⋅x3 = 9
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Pulse
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Pulse
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Free Variables as Parameters (1)

1⋅x1 + 3⋅x3 = −1

1⋅x2 − 4⋅x3 = 2

1⋅x1 − 5⋅x2 + 1⋅x3 = 4

x3 = t

x1 = −1 − 3⋅x3

x2 = 2 + 4⋅x3

Solve for a leading variable

Treat a free variable 
as a parameter

x1 = −1 − 3 t

x2 = 2 + 4 t

x3 = t

x1 = 4 + 5⋅x2 − 1⋅x3

x2 = s x3 = t

x1 = 4 + 5⋅s − 1⋅t

x2 = s

x3 = t

1⋅x1 + 0⋅x2 + 0⋅x3 = 5

0⋅x1 + 1⋅x2 + 0⋅x3 = 7

0⋅x1 + 0⋅x2 + 1⋅x3 = 9

x1 = 5

x2 = 7

x3 = 9

x1 = 5

x2 = 7

x3 = 9
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Parametric Solutions (2)

1⋅x1 + 3⋅x3 = −1

1⋅x2 − 4⋅x3 = 2

1⋅x1 − 5⋅x2 + 1⋅x3 = 4

x1 = t

x2 = 1
3 (−4 t+2)

x3 = 1
3
(−t−1)

x1 = s

x2 = t

x3 = −s + 5 t + 4

1⋅x1 + 0⋅x2 + 0⋅x3 = 5

0⋅x1 + 1⋅x2 + 0⋅x3 = 7

0⋅x1 + 0⋅x2 + 1⋅x3 = 9

x1 = 5

x2 = 7

x3 = 9

x1 = 1
4
(−3 t+2)

x2 = t

x3 = 1
4 (t−2)

x1 = s

x2 = 1
5
(s + t − 4)

x3 = t

x1 = −1 − 3 t

x2 = 2 + 4 t

x3 = t

x1 = 4 + 5⋅s − 1⋅t

x2 = s

x3 = t

many other 
forms of 
parametric 
solutions
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Many Solutions (3)

1⋅x1 + 3⋅x3 = −1

1⋅x2 − 4⋅x3 = 2

1⋅x1 − 5⋅x2 + 1⋅x3 = 41⋅x1 + 0⋅x2 + 0⋅x3 = 5

0⋅x1 + 1⋅x2 + 0⋅x3 = 7

0⋅x1 + 0⋅x2 + 1⋅x3 = 9

x1 = 5

x2 = 7

x3 = 9

x1 = −1 − 3 t

x2 = 2 + 4 t

x3 = t

x1 = 4 + 5⋅s − 1⋅t

x2 = s

x3 = t

(−1, +2, 0)

(−4, +6, 1)

(−7, +10, 2)

(−10, +14, 2)

x2 = − 4
3 x1 + 2

3
x1 − 5 x2 + x3 = 4
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Solutions in R3 (4)

free variable free variable 

free variable 

x1

x2

x3

x1

x2

x3

x1

x2

x3

x1

x2

x3

infinitely many solutionsinfinitely many solutions

x1 = −1 − 3 t

x2 = 2 + 4 t

x3 = t

x1 = 4 + 5⋅s − 1⋅t

x2 = s

x3 = t

4 x1 + 3 x2 = 2 x1 − 5 x2 + x3 = 4
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Solutions in R3  and No of Free Variables (5)

free variable free variable 

free variable 
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x1 = 5

x2 = 7

x3 = 9

x1 = −1 − 3 t

x2 = 2 + 4 t

x3 = t

x1 = 4 + 5⋅s − 1⋅t

x2 = s

x3 = t

a point in R3 a line in R3 a plane in R3
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Pulse
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