Fourier Series (H.1)

20151224

9
Copyright (c) 2015 Young W. Lim.

Permission is granted to copy, distribute and/or modify this document under the terms of the
GNU Free Documentation License, Version 1.2 or any later version published by the Free Software
Foundation; with no Invariant Sections, no Front-Cover Texts, and no Back-Cover Texts. A copy of
the license is included in the section entitled "GNU Free Documentation License".




Toy\w Series

fooy = s 0

Fra) = “‘S:" X frca) = —S:S‘U )
fP0)= —wx fo0)= ~se = 1
fm(ﬂ‘)z 1 SinsC f(ll(,)= +S5m0 = ¢
) )
9w« +esx f (o) = t(es0 =
F«)W:: -Sin X F«)@)-— —Cp0 T 0
(15 - (15 _ - - -}
f(” X)) = tS5ny f(” ()= tSmg = 0
fm(x,!: + (osx f‘"(e;: tog ) =t
X200 20Y oA Trybr covier
4 | >3 L4 evicy ‘l
(D) () (&) (¥
foo = fry 4 7000 g £700) e £y ) e
I l'o 2. 4’.
C 11 ) | Y a —|
.%% T] + o/ t _" ‘xa + ‘ﬁ’ “' I x(l\.
f@ = —sno =0
fm(a)= —(es2 = A
f® 9z tsmo=o
[(3)
f (o) = teos0 = #
/— \\
((olx)= |~ 4 x¥ —~xb X %% ™
— O T O Y
) A¢oknn — —— —
. A 1Y £ A
Series 15 5)




—Fouwm Seriej

¢ Ko e
FO < 5> t 2 (6. (M) 4 L S‘ME“JQQ—
A et \

|

N

v

G Ven Pg,n‘;odt:() {;VM‘HOY]

¢
PRERON (B YA
L
.
by = 4
{
~1
“+
- 2\ Logsuma it
bh - ‘{( \J—.L)L))ch[_ﬂ)t) 8
)
0. 4 0 G0 by Sm(1x)
. la Ceg(2) t b w(2%)
T 0y (eg[3%)

by Sm(3%)
—f []

-

by S

T Oy Ceg(n %) 1

-




C oS 1) | ( Su(12)] \
Z ( vw(2x)
(e[ 3%) Suf3x)

~

I\
N

<(°5Q“1)/. Sh(n)y =0

(bl sy =0
N0 =)




=
>
<
I

=

.

R

. Ceg(1%) . b Sw( 1)

S

2 C“M—-‘—H"‘(ZJQ
(

+—0 LM—H“M—
+ 21

L]

-

© 0, GEnx) 1 by Sm(nx)

(og 12X fJF(K) =1 g, 1 0 Cs(1x) TR LIRES TR BUSINES
T 6\3 C"“ 37&) b1 gh(:%i\;
) <




K ]
AR L7/4
\ SALTIY.
\ i ke NS/ Ve
\/ / . N\ / /
AN/ \~
/ T /\\
T’_OW{/\’ | \
(2 dS Cosine :S‘\v\e
(ol Ted e
‘ dicrele gof
— — vt
/ / / .
/ / / L
AR, -/
CoYtnmons  Sumchov 7 ? "
/N P h
PWM‘I'(J Pt




Conle ) ( fn ) ol 4\( . C i)
o C J P B s
j 2N«
4\ [77 1=\
\\// /)Qﬁl\x
o |
A

PP | A’\f-:_ N
\ NOMELR G A V)
Jo
("
| S (22) dx=~p
J b
1% 4N
N _ = w (Ax =
- 0 '-1
all < o5 (nn) d Co Cm%xm
° =
) CoS (mx) oS (n x sT\ e
+M o o~ R
s (mx)sminx) dx = } O (m %np)
J_n

(m=n2




-

Cs 4

-
=

Sth X G @ = 3L g—caj(‘ou(&) + Lo} (04-{3)}

(o

0 ¢

- M X

-

Gn (M 1) 6n (Mx)

4 f— cog(tmemn) + cos((m-mx

a )

) 1

)
(s (PX> (e8¢ x)
P;wl"' 6\5)”"1
[t
VoS tmm) (os(M%) Ay = o MmFy
J_:n 7/ UL g !
L
( Gn (M")G,',Y\(“x) (,l_)C = m#h
-1
[t
2
- =
1
( 'r-,mfm ) Ay f .
) St ) =N




d

0§ OL (ss = +(of ) _

Cos § Cssg = -JL ,$+(o!(29) t Loy ( 0 )J}

d

Cos* @ = ﬁglo_(@@)”\‘ VY

Sinh 0L 4im @ =z 'Jj E—Cas(diﬁ) + Lol(ol-Pﬁ;
1

Shly G = >3 ;r-cru(w) tly(o )

/‘:\-2 A \ (‘ Aol \ 1+ 1
SO = g rtas(20) + 1}

St = 2 | 1 tsg o) )

(bq'm

-6
R ] ¢
2 Ti
v;ﬂfc m X gu_ﬁ,'i (—-(os/z x) (oL =T -
(1 'L( )l) l)(. C T | r [ Fﬁ—- .}1
| o LR LN D pes(ad) (AL =T -
J-u J
m@pﬂ‘ff
e [de « 5 = L ames
7PN




Smal4p) = S o £ (oS sinfd

‘ E o d — \ 2 \M

\ (oS (m ) gn (Mx) Adq =4
1 7/ U\ /G

-

Gn (M) (s (M%) Jdx = o
J=1




SmA4p) = STt £ (oS sinf

— -— A
\
7

SM+3) ~Sml —p) = 2 (oS S @

yad

(SR Sy = =




D&F @f(':L\OJUV\R/O FMV\L"\'QV\Q

sty

7 S
e

S 3
\
Q)

P

-
N o
W

r . |
Chi,6) =\ Fi®ho ax

Fumelio n fie L er’koaanp@ o onth o Pun

on om byl [, 11

rtt
(es (1. oS(2x) dL = oS (1. os( 2
Jo— ovbhigona 4p ench
0 Ve







Rn

a): (0,, OL! d;)-",ﬁn)

SR R

< S
b= (b, w, bi, e, Lu)

2 .13‘5 Gyeby & brba F gsby te t pube

v

oo | fo, ko), -, fo)

\ \ \ \

v W, gy, Y0, g0)

N //\ 1l
(4 \
{‘,%\

o B |

|
//’\L

9‘7‘) d |

= L \‘J'L) (‘\}i




OVEW{)M««Q St

[dw, &0 , ¢ -~ §

b

(
<('$6()9', 4';“)> "‘5 St,()c) ¢‘(1) i =
O~
b
<P, ¢wp = () B, (x =
~
b
] p) ] =J& ) 1 =
] m J h = ‘ "Al
m = h
2
= || gu0|
:9 2 2 ” %
A &0 = (Q]/ (MJ =0 % &,
(G, &) A
AN,
= Qe

oY M




2

L \ b
1d, Nl = < g0, Bat)7 = B0 dx

p—
—

g, |

\|

n " 'L PR
® 0 dx




e

gnea),  SHCL) , SinuO

- n 41
o) sy = ) s ) sn (g Y
- I
)
P 1 d
NS A s 10 (6 C (- .
(WEA R o J/ wo e AT,
gmxA), ShCLl) o Sin(n0)




—%~ T
/ T

0.2

o\ ar
=\
3

¢

P




r~ & vm r
0
'FC)('Q = "'*'a <+ E ‘(qu to”ﬂj) ‘ I $| (:n;q ’
Ne |

Qo ? Ortheg M—LML‘L’"

p Chavr-




-Fihdln, & o

J-C)Q = %3- + (ah (<(nx) 4 |, W
Ne |

N\

Y r (ao N ., .
\_ FOY dy = } o+ Z_l (5\“ (S ) 4 Ly Su(nx) ) dor.
-
- (g‘a . 0 [ N\
J 2 2 2 Vo sl Lo sufra) 4% )
-4
— — ¥+ \.\*
= Q‘;E,)L = ao_lT i
2 =1

o, = 4’{ \ Fou ax

)4

-




o
+

| j'C)Lj (oS (1 X) 4 <

J_,f‘



_I:ihdlng LV\

50 /

r

Ko v
)L-CM = 5 % > (a“ (o (1 %) + b SN ) )
Ne |
/ Gwbn
CWN\‘Y. index v bles h=\1,3, e @ o 5)':“;9;:, Nwm

( Qo 2 \
FO = Z_’ by Cog(80) 4 L&%U’q)

 fogsuina <

S50+ 2 (0, CELASM(0 1 by Sm(n) () )

4

e

o o o
foompatie | Sopadbe
| W, (R 9 \
S (| Gy GSANSMMA) + ba Su(40)Su(nK) dx |
e V) /
= N L.
o




JCQ('-) - = " n
> Ne | T bn 9w
Me
L1
O, = & \Joa
a4
+T
s = — r()(, C.;’n;c‘lb(
h T \f ) (e§ (N X)
‘A
+
b = | poySw(naex
4
Ry CA P sX sp.




De

Fowuer Senej

rCL' _ @ xR (ng ) - -
Jou = 5+ > G) 6805 %)+ (b Sy X,
N\ | f‘¢r
Do)= —= \ " Foo bt
I J"’P
_ 4 " Co ﬁl ox
-t
N L (e ew ™0\ Ax
n= T J s e X))




Fnd O, O, by
M 9
&/ 7'—l\
<1 1
a $69
</
A ANDANAN
/N NN/
<1 t
Prd
T
@ 1
\.-n:ﬁ — t '
-7
%—?ﬂ —
N S
<1 1 4




G\o) 0\1) L‘)
FoO= o ~1<XK ©
FQ;- A4T WERS |
) Do
C) = @ g{M i\ T N INT \\
Ne | \P / *MS‘M\. X}}

m,; L ("rr (A

No P )_'p Tx) &
A~ i — i
(QY\) = “ID \) {;(x) CosL——-—*’ )‘.) X

b= = (fgcx,)s:n (% 13

—‘

R/A S




| foye ) O ~Ti<x<o
1 N !
N\ T o<
e \ > |
NE | 1
P 1 \ 0 1 T
1
(Do)= == (™" fosde =3 | odr+ 3 (um) &
— T ) Joa o
-1
= (3 A bt ) AR )
) Mtde [ o tIx = Tl
Y 2\
- ™ (&
- 41.(%)
N
P 'r r-4n A'A)oﬂ \ .
(G = = | footes(—7 x) dX
__/ ! -1 N1 /
__——
= a(° YR (nx)4 | ffg’dx\\
3 | O eos(nx it i3 ) b ) eos( ) J )
- Cna P
| . & =T9- Fa dx
r \ L b J—}QJ
tos (1x ) dx =L gin(nx)
- " y
\ [ L
=4 | 1
n > ) )
A u. \ v
| (—Hr)-%sin(nx) —-*Qcos (nx)




0

- A a4 ~ 11
p .'J\T (—)H' Tl') SE Sih(ﬂl) — 4 (0§ (nx)
n . 0 Kh 5
SM k.m}\’:‘; = s (n ~ s (n-o
St N7 - L 1
R o I \
U () -
=== | =40
N“w )]
- N\ [
ST B S S T 2
\ \ t / t \ / \
(o[ \K) ©J(z1) & (3® (u(¢n)
[‘5(01) 4 ¥ B
l { =} <+ |
+ ‘ —‘ - ‘ j v ]
ces(n) = 41 s =1 gy =+ oS =)
imo @) Ml Y a2 @t n=3 (W
-1)" )" )" )"

(‘5(“1) = (‘0“ 7 s\ 'n,}ew,\




N

- J(“‘_ch) sminyx) ox
|

1

) |

1 SSn(x) g+ ) 0 Sm(nx) dx

T
B

o

l
Ss‘m (px) dX = ~ ;\l-coS(nf-)

/\V\teaﬂ-‘ﬂbh by panks j'F 9’ dx - 9 - J( f'g4x

- T
4 (T\—b‘t):l-cos(n ol =1 Y *l'coS(n £y on
T 0 J, ) ]
- ‘ B I r-K 1 2
o — i |
1 - = — L) Ox
7 bﬂcoS(n )
/"f: -
- AT [ < !
~ 3 I — Ls‘m (ns) d)L
" w -
- \




(

(=

s

(-~

(o =
= L. —

(%11) a(n) := (1 - (-1)"n) / (n"2*%pi);

1-(-1)"

ﬂz?r

(%01) a(n}:=

(%i2) a(l);
(%02) %

(%13) a(2);
| (%03) 0O

(%14) a(3);
2

(%04) —
9T

 (%i5) a(4);
| (%05) @
(%i6) a(5);

(%06) —
25

 (%i7) a(6);
(%07) @




(%i27) F(x) = %pi/2
+ a(l)*cos(x) + b(l)*sin(x)

a(2)*cos(2*x) b(2)*sin(2*x)
a(3)*cos(3*x) b(3)*sin(3*x)

+ + 4+ +

a(4)*cos(4*x) b(4)*sin(4*x)

+ a(b)*cos(b6*x) b(6)*sin(6*x);

+
+
+
a(5)*cos(5*x) + b(5)*sin(5*x)
+
(%02?}f(x):=%+a(1)cos(x)+b(1)sin(x)+a(2}cos(2x}+b(2)sin(Zx)+a(3}cos(3x}+

b(3)sin(3 x)+a(4) cos(4 x)+b(4)sin(4 x)+a(5) cos(5x)+b(5) sin(5 x)+a(6) cos(6 x)

b(6) sin(6 x)

(%i29) wxplot2d([F(x)], [x,-%pi, %pil)%

4

3.5

3

2.5

(%t29) 2

15

1




Taylon. geflcf (Mc I_ouw:h fef-‘es' .- X=o >

W = £(o) 4 1s° %' 4 :.D % 4 :' ) s 4 f”'(,) <
» = ) 41'
T . P
TDL(RA(A Ser.es
5
. % (5 o))
p oy " \P / + bn '“\f )C)}
( \ \
i~ -
X e [, . .(.!,J C°§\P K) &vnf

X

/

\ e\

rer 2] o) suffx)

'P
. 2 o\
ret-4,8)  eFH) sefx




X

7/|—_.\<
)

(o5 [ —n)

£

\L

7

I
)

<AL T
T < N <«

(s ¢ ax)

RRATIIE

cos( x)
r

VI

V/

—

Yl N\

~|




t bn Su(nx) )

y )

\o\n (o[ )

[,

3

Qo
L

Loy <

1oy,

\ ok ¢ty

Y=< A

Foy eseprnyd

;
by
4%
L ( I:()(.\ Ax
(—m
+

)

01—,

Ne |

(.

by, be
) %
A

2
(s

—




)
x))

i

o~

\]o ’“/ t bn Sivi

l'.g(M -.r\

/&v\ C
\

AWI\
Y
¢ b

Ne |

Ko,
2

£C_)(.\ —

G, Q3 -
br , by

0
b,

i

1<%

Ap
L \ \J:CM A

L

4P

n
I

| 00 s (ZF ) d

—
—

bp

¥







N

oy

M)  F Fowde fones




fl){ —'f,r‘

(L-xydx = L

L

+£0

J-L

!
2L

Fox)dx =

]
1

L
2}

\

Ao

L

= <L re2V oL

S~

L0

) de

N X

L

f(x) (o4 /

v

Moo

FNTX ) Ay

UL -x) (a3 (

/7

L

yd
-

L

L ),, L2

-

LFNTX )

/) aX,

=0

)

l
<

i

an
n

fy Sim |

J-L

Bn‘ T

[N ) dx

VL= ) S

“ )

N

Nt X

\\

)Ax

) e [

'L.L’ (L /_5.’»./
J~

Llen

(’AI‘YOAM""'
= "L (‘L—‘)ru./'y‘.ﬂM\Jv - N




[ l
sin (foe)d = <% X @0 4 5o Shfex)

ﬁz
=d (o N )
L s —=)dX, =p
’-L —
- — L [T 0 enfAT o,y dx
L) ot
| L - ro.2 1 L
- y — gr‘(ov(z\*riX\—{-& 9:1/\[33—717\/
nh e T et
— %o
i ’.-I- C L . [N T R l__ — fﬂ'ﬁ,__ A\
g LT L) gt e EY)
2 2 -
L} ¢nfns Y = L | Y Sy
el )~ Gl V)

N\

> \—
e
=
3
i
\—-
L ¢
\l
>
=\
_‘L\
N—
<




\ T ¢ - La _ [pr, .
J [4) ) d~ | HQ)L
Iy ~ _ (Tl
%LSM (bt = X L?‘ CDS‘M{}J ‘)(:'E (oS (Ax) | dz
; |
= - xes(tx) 47 | sl d
)
= 73 ytes( & Gin(fx
= ,—-lx;%T—L#»r(hj—
* P2

I

Feo) = F(-n




({:@'dx‘:fa( (s,
J o ) d. | yq)b
F . R Y -
()l = X 7 Smlec]| — | 7 Gnleg) | azx

i\

il
IR L

L‘r

>4

H

&

D

\

- .
X0 ()0 X

I AneS

X Sim (% >c)0i)( h Z




A | L , \ [ ro t
/o = ’QT_:J Coaxx = 3/ Ldx —+ 2 dx
~L s 0
‘__}_ R v |\ —2"“—
= 2L ) A R e &
{ ) )
Ay\: (LL_ (L F(t) (‘aj(&m) kX = — ( |‘_¢£f{d§d9c+m-.,m,ll.\].’
J-t S L ) i & 2 (66 {ie)dx
i 0 |
_ N 0
k_.L_ r-‘—b ﬁl )
= o | [Zsmmiy)| 42 L g, rm "oy |
LD e | we (e ) T e) @0
75 >
‘_Lr‘ I‘L 2/ Y] ]
= 7| )t —1)
L TR
2L -
= [ (1 =) ot (o)
e (o7 1)




Al j

L
k TLSR ) dL T axcony () dx
J

Y

0

~ -

)\

-

Il

.




r R
Teden (A G X







A

—

|










}oww Sovie

]

1

L )
C‘r\’qp (Hx}@k*)(}i
P I
C K ()
foy = 2= C eV
Ne -




