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Joint Distributions, Independence, and Moments

First Order Distribution Function

N Gaussian random variables

Definition

For one particular time t;, the distribution function
associated with the random variable X; = X (1)

FX(Xl; tl) = P{X(tl) < Xl}
the density function

de(Xl; tl)

fx(x1:t1) = dxy
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Joint Distributions, Independence, and Moments

Second Order Distribution Function

N Gaussian random variables

Definition

For one particular time t1, t, the distribution function
associated with the random variables X; = X(#;) and X, = X(12)

Fx(x1,x2; t1,t2) = P{X(t1) < x1,X(t2) < x2}
the density function

a2"'_X(><1,><2; t1,t2)
0x10x

fx(x1,x2;t1,t2) =
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Joint Distributions, Independence, and Moments

N-th Order Distribution Function

N Gaussian random variables

Definition

For one particular time t1, t, ... ,tp,

the distribution function

associated with the random variables

X1 = X(tl), Xo = X(fg), v XN = X(t/\/)

Fx(Xl,...,X/\/;tl,...,t/\/) = P{X(t1) §X1,...,X(t/\/) SX/\/}

the density function

aNFx(Xl e, XN B, t/\/)
(X1, ... XNt ..., tN) = S SR
X( 1, s ANy L1, ) /V) aX]_"'aXN
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Joint Distributions, Independence, and Moments

Statistical Independence

N Gaussian random variables

Definition

Two processes X(t), Y(t) are statistically independent
if the random variable group X(t1),X(2),--- X(tn)

is independent of the group Y(t,), Y (%), -- Y(¢,)
for any choice of time t1,to,-+-, tp, t’l, t’2,--~ ,th
Independence requires that

the joint density be factorable by group

fx7y(X1,...,X/\/,y1,...,y/\//;tl,...,t/\/,tl,...,tM)

= fx(Xl,...,X/\/;tl,...,t/\/)fy(yl,...,y/w;t,...,t;w)
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Joint Distributions, Independence, and Moments

The 1st order moment
N Gaussian random variables

The mean of a random process

mx(t) = E[X(1)]

oo

mx(t) = /Xfx(x;t)dx

—o0

mx[n] = E[X[]]
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Joint Distributions, Independence, and Moments

The autocorrelation function
N Gaussian random variables

The correlation of a random process at two instants of time X(t1)
and X(t), in general varies with t; and t;

Rxx (t1,t2) = E[X(t1)X(t2)]
Rxx(t, t+ ) = E[X(t)X(t'f— )]

Rxx[n,n+ ] = E[X[H]X[n+ ]]
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Joint Distributions, Independence, and Moments

The autocovariance function
N Gaussian random variables

Cxx (t, £+ 1) = E[{X(t) = mx ()} {X(t +7) — mx(t +7)}]

Cxx(l’, t+T) = Rxx(t, t-l-’L') = mx(t)mx(t—l-f)

Cxxln, -+ K = E[{X[n] — mx[nl} {X[n-+ k] — mx[n+ K]}]

Cxx[n,n+ k] = Rxx[n,n+ k] — mx[n]mx[n+ K]
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Joint Distributions, Independence, and Moments

The variance of a random process
N Gaussian random variables

Cxx(t,t+1) = E[{X(t) = mx(t)} {X(t +7) — mx(t +17)}]

Cxx(t,t+7) = Rxx(t,t+ 1) — mx(t)mx(t + 1)

7=

Cxx (1) = Rxx(t,1) — (mx(t))* = ox(t)
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Joint Distributions, Independence, and Moments

The cross-correlation function
N Gaussian random variables

Rxx(t1,t2) = E[X(t1)X(2)]
Rxx(t,t+1)=E[X(t)X(t+ 7)]

Rxy (t1,t2) = E[X(t1) Y (t2)]

Rxy(t,t+ 1) = E[X(t)Y(t+7)]
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Joint Distributions, Independence, and Moments

The cross-covariance function (1)

N Gaussian random variables

Cxx (t,t+17) = E[{X(t) — mx ()} {X(t +7) — mx(t+7)}]
Cxx(t, t+T) = Rxx(t, t—|—‘L') = mx(t)mx(t+f)
Cxy (t,t+7) = E[{X(t) = mx(t)} {Y(t +7) — my(t +7)}]

ny(t, t—|—17) = ny(t, t—I-T) — mx(t)my(t—l-f)
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Joint Distributions, Independence, and Moments

The cross-covariance function (2)

N Gaussian random variables

Cxx[n,n+ k] = E [{X[n] — mx[n]} {X[n+ k] = mx[n+ Kk]}]
Cxx[n,n+ k] = Rxx[n,n+ k] — mx[n]mx[n+ K]
Cxy[n,n+ k] = E[{X[n] — mx[n]} {Y[n+ k] — my[n+ k]}]

Cxy[n,n+ k] = Rxy[n,n+ k] — mx[n]my[n+ K]
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Joint Distributions, Independence, and Moments

DT and CT relations

N Gaussian random variables

mx|[n] = my(nTy)

Rxx[n, n—+ k] = Ryy(nTs(n+ k) Ts)

Cxx[n, n—+ k] = ny(nTS(n—i- k) Ts)
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