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X*+2x+1
250000 5 indistinguishable
X
200000
150000 -
100000 -
50000
10 x
0
0
X
for x>7.873 10x < x°+2 x+1
for x>k Cg(n)<f(n)
The Growth of 18 Young Won Lim
4/3/18

Functions (2A)



Big-O Definition

Let f and g be functions (Z-RorR-R)
from the set of integers or
the set of real numbers
to the set of real numbers.

We say f(x) is O(g(x)) “f(x) is big-oh of g(x)”
If there are constants C and k such that

[f(X)| = Clo(x)] whenever x > K.

|

g(x) : upper bound of f(x)
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Big-Q Definition

Let f and g be functions (Z-RorR-R)
from the set of integers or
the set of real numbers
to the set of real numbers.
We say f(x) is Q(g(x)) “f(x) is big-omega of g(x)”
If there are constants C and k such that

Cla()] = [f(X)] whenever x > K.

|

g(x) : lower bound of f(x)
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Big-O Definition

g(x) : upper bound of f(x)

g(x) has a simpler form than f(x)
IS usually a single term
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Big-Q Definition

A
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X
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Big-© definition

for k <x

f(x)<Clg(x) e= f(x)is O(g(x))

Clg(x)| < f(x) = f(x) is Q(g(x))

Cilg(x)| < f(x) < Cylg(x)| = f(x) is ©(g(x))
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Big-© = Big-Q and Big-O

for k <x
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Clo(x) < f(x) = Cilg(x) > Flx) is ®(g(x)
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Q(g(x)) A O(g(x)) = O (g(x))
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Big-O, Big-Q, Big-© Examples
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Many Larger Upper Bounds
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Many Smaller Lower Bound
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Upper and Lower Bounds

X°+2x+1 is O(x’) X+2x+1 < Cx° upper bound the least
X’+2x+1 is O(x’) X’+2x+1 < Cx° upper bound
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Simultaneously Lower and Upper Bound

f(x) = x*+2x+1

lower bounds Q(g(x)) O(g(x)) upper bounds

tight bound
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Big-© Examples (1)
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Big-© Examples (2)

xX+2x+1 is O(x%)
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Big-© Examples (3)
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Tight bound Implications
f(x) is ®(g(x))
f(x) is ®(g(x))

f(x) is ©(gl
f(x) is ®(g(x))

"l
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Common Growth Functions
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Upper bounds

Vx
log x
fl(x>

fi(x)is O(logx) mmp O(Vx) wmp O(x) wmp O(xlogx) == O(x)
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Lower bounds

Vx
log x

f,(x)is Q(x°) = Q(xlogx) wmp Q(x) wmp Q(vVx) == Q(logx)
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Example 1

f(n)=n’+3n
f(n)=2"+12
f(n)=2"+3"
f(n)

n)=n"+n
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f(n)=0(n")
f(n)=0(2")
f(n)=0(3")
f(n)=0(n")
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Example 3
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Example 4

©(n) O(n)  upperbound tight

Q) (nz) O (n3) upper bound

6(1) O(n) upper bound

O(n) O(1)  upperbound wrong

@(n) 0(2 n) upper bound  tight 0(2 n) — O(n)
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Example 5
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o) ( n) upper bound
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O (n4) upper bound

Q(1)  lowerbound
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O ( n2) lower bound
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