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First Order ODE examples - solutions

d2 y

dx2
+ 3

dy
dx

+ 2 y = 0
d2 y

dx2
+ 2

dy
dx

+ 1 y = 0
d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

m2
+ 3m + 2 = 0 m2

+ 2m + 1 = 0 m2
+ 2m + 2 = 0

(m+2)(m+1) = 0 (m+1)2 = 0 (m+1−i)(m+1+i) = 0

m = −1, −2 m = −1 m = −1+ i , −1−i

e−1 x , e−2 x e−1 x , x e−1x
e(−1+i) x , e(−1−i) x

y = c1e
−1 x

+ c2e
−2 x y = c1e

−1 x + c2 x e−1 x
y = c1e

(−1+i) x
+ c2e

(−1−i) x

y = e−x
(c3 cos x + c 4sin x)

y = e−x (c1e
+i x + c2e

−i x)
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First Order ODE examples – verification (1)

d2 y

dx2
+ 3

dy
dx

+ 2 y = 0
d2 y

dx2
+ 2

dy
dx

+ 1 y = 0
d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

y = c1e
−1 x

+ c2e
−2 x y = c1e

−1 x
+ c2 x e−1 x

y ' = −c1e
−1 x − 2c2e

−2 x

3 y ' = −3c1e
−1 x − 6c2e

−2 x

y ' ' = +c1e
−1 x + 4c2e

−2 x

2 y = 2c1e
−1 x + 2c2e

−2x y = c1e
−1 x + c2 x e−1 x

y ' = −c1e
−1 x

+ c2e
−1x

− c2 x e−1 x

2 y ' = −2c1e
−1x

+ 2c2e
−1 x

− 2c2 x e−1 x

y ' ' = +c1e
−1 x − c2e

−1 x

− c2e
−1 x

+ c2 x e−1 x

y = c1e
(−1+i) x

+ c2e
(−1−i) x

2 y = 2c1e
(−1+i)x

+ 2c2e
(−1−i) x

y ' = (−1+i)c1e
(−1+i)x

+ (−1−i)c2e
(−1−i) x

2 y ' =(−2+2 i)c1 e
(−1+ i) x

+ (−2−2 i)c2e
(−1−i)x

y ' ' = (−1+i)2c1e
(−1+i) x

+ (−1−i)2c2e
(−1−i)x

=−2 i c1e
(−1+i)x

+ 2 i c2e
(−1−i) x
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First Order ODE examples – verification (2)

d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

2 y = 2c1e
(−1+i)x

+ 2c2e
(−1−i) x

y ' = (−1+i)c1e
(−1+i)x + (−1−i)c2e

(−1−i) x

2 y ' =(−2+2 i)c1 e
(−1+ i) x + (−2−2 i)c2e

(−1−i)x

y ' ' = (−1+i)2c1e
(−1+i) x + (−1−i)2c2e

(−1−i)x

=−2 i c1e
(−1+i)x

+ 2 i c2e
(−1−i) x

y = e−x (c3cos x + c4 sin x)

y ' ' + 2 y ' + 2 y = 0

y = e−x
(c3 cos x + c 4sin x)

y = e−x (c1e
+i x + c2e

−i x)
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First Order ODE examples – verification (3)

d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

2 y = e−x
(2c3cos x + 2c4 sin x)

y ' ' =−e−x
((−c3 + c4)cos x −(c3 + c4)sin x) + e−x

((c3 − c4)sin x −(c3 + c4)cos x)

y ' =−e−x(c3cos x + c4sin x) + e−x(−c3 sin x + c4cos x)

y = e−x (c3cos x + c4 sin x)

2 y ' = e−x
(2(−c3 + c4)cos x − 2(c3 + c4)sin x)

= e−x((−c3 + c4)cos x − (c3 + c4)sin x)

= e−x
((c3 − c 4 − c3 − c4)cos x + (c3 + c4 + c3 − c4)sin x )

y ' ' = e−x
(−2c4cos x + 2c3 sin x ) y ' ' + 2 y ' + 2 y = 0

y = e−x
(c3 cos x + c 4sin x)

y = e−x (c1e
+i x + c2e

−i x)
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Fundamental Set Examples

C1

Second Order EQ

a
d2 y
d x2 + b

d y
d x

+ c y = 0

y1 y2+ C2

y1

y2

C1e
(α+iβ) x + C2 e

(α−iβ) x

c3e
α x cos(β x) + c4 e

α x sin(β x)

= eα x
(c3 cos(β x) + c4 sin(β x))

e(α+iβ) x

e(α−iβ) x

{e(α+iβ) x
+ e(α+iβ) x

}/2

{e(α+iβ) x
+ i e(α+ iβ) x

}/2 i

= eα xcos(β x)

= eα xsin (β x)

1
2

y1 y2+ 1
2

y3 =

1
2 i

y1 y2− 1
2 i

y4 =

c3 y3 y4+ c3
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Complex Exponentials

e+iβ t

e−iβ t

e0

eπ/4

eπ/ 2

e3π/ 4

eπ

e5π/4

e3π/2

e7π/4

e0

e−7π /4

e−3π /2

e−5π /4

e−π

e−3π /4

e−π /2

e−π /4
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First Order ODE examples (1)

d2 y

dx2
+ 3

dy
dx

+ 2 y = 0
d2 y

dx2
+ 2

dy
dx

+ 1 y = 0
d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

y = c1e
−1 x

+ c2e
−2 x y = c1e

−1 x
+ c2 x e−1 x

y = e−x
(c3 cos x + c 4sin x)

2 y = 2(e−1 x
+ e−2 x

)

3 y ' = 3(−e−1 x
− 2e−2 x

)

y ' ' = +e−1 x + 4 e−2x

y = (e−1 x
+ e−2 x

)
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First Order ODE examples (1)

d2 y

dx2
+ 3

dy
dx

+ 2 y = 0
d2 y

dx2
+ 2

dy
dx

+ 1 y = 0
d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

y = c1e
−1 x

+ c2e
−2 x y = c1e

−1 x
+ c2 x e−1 x

y = e−x
(c3 cos x + c 4sin x)

2 y ' = 2(−x e−x
)

y ' ' = −e−x + x e−x

y = (e−x
+ x e−x

)
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First Order ODE examples (1)

d2 y

dx2
+ 3

dy
dx

+ 2 y = 0
d2 y

dx2
+ 2

dy
dx

+ 1 y = 0
d2 y

dx2
+ 2

dy
dx

+ 2 y = 0

y = c1e
−1 x

+ c2e
−2 x y = c1e

−1 x
+ c2 x e−1 x

y = e−x
(c3 cos x + c 4sin x)

2 y ' = 2e−x
(cos x + sin x)

y ' ' = 2(−e−x cos x − e−xsin x)

y = e−x
(cos x + sin x )

+ 2e−x (−sin x + cos x)

= 2⋅2e−x cos x

2 y = 2e−x
(cos x + sin x)
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cos(x) + sin(x)
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e-x (cos(x) + sin(x))
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e-x (cos(x) + sin(x))
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e-x (cos(x) + sin(x))
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x e-x 
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x e-x 
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x e-x 
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Diff & Integrate  xex 
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Diff & Integrate x2ex 
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Diff & Integrate x3ex 



Second Order ODEs (2B) 22 Young Won Lim
6/15/14

Differentiate x10ex 
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Integrate x10ex 
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ODE y'' -2y' +y = 0
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ODE y'' -2y' +y = ex
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xiex  => y'' -2y' +y  
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ODE y'' -2y' +y = xiex 
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ODE y'' -2y' +y = cosi(x)ex 
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ODE y'' -2y' +y = eix,  xi
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