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Linear Convolution using the DFT

x(n] rad with ] Xaln]
L_> (M-1) zeros >
N=L+M-1
h[n] . h,[n]
; Pad with  _72__J
M (L-1) zeros

N-point
DFT

N-point
DFT

x[n] 0<n<L-1
h[n] 0<n<M-1
y[n] 0O<n<L+M-2

1 yln]
N-point |
IDFT N ’
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Circular Convolution using the DFT

N-point k

yln] = pa hlk] x[n — K]
x[n] wess)  h[n] ) y[n]
Y(e’®) = H(e'")X(e’”)
Y[k] = Y(e”™") 0<k<N-1
H[k] = H(e”™") N-M O0's
X[k] = X (e?™MN) N—L O0's
Y[k] = H[Kk]X[K]
y[n] = N:1 h[m]x[(n—k)y] O<n<N-1
y[n] = hn](N) x[n]

Linear Convolution

x[n] 0<n<L-1
h[n] 0<n<M-1
y[n] 0O<n<L+M-2

®  continuous frequency variable

sampled frequency variable

Circular Convolution
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Circular Convolution using the DFT

Linear Convolution

DTFT _ _ .
y[n] = h[n] * x[n] Y(e'®) = H(e!®)X(e’?)
yln] = e h{k] x[n — k] ®  continuous frequency variable
Circular Convolution
N-point
DFT
y[n] = hln](n) x[n] Y[k] = H[K]X[K]
N-1
y[n] = h[{m] x[(n — k)] k  sampled frequency variable
m=0
0<n<N-1
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Circular Convolution (1)

1, m+l—-n = rN

0O, otherwise

I = n—-m+rN = (n—-m)modN = (n—m)y
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Circular Convolution (1)

N-1
Xl[k] - Xl[n] JZmnkIN k = Olll IN_]-
n=0
N-1 ]
Xz[k] — XZ[n] JZmnkIN k = Ol]-l IN_]-
n=0
X5[k] = X [k]X,[K] k =0,1,---,N—1
1 & 2nkm/N
xX;[n] = — X.[k]e™ =™ ™
3 N = 3[ ]
1§ 2rkmiN
= = > X, [K]X,[k]eZm
N = 1[ ] 2[ ]
1 &S 2nkn/ N NZ 2nkl/N i2xkm/ N
= — X, |n —J<£mkn —J T e+J nkm
N k=0 | n=0 1[ ] I1=0
1 & &= Nzl 2xkn/N _—j2xkI/N _+j2xkm/N
= — X X e—JJTn —JJT e+_]nm
Nn:O 1[ 1=0 2 =0
1 N-1 -1 -1
- = X1 Z X2 Z e+]2nkm n—I1)/N
N n=0 1=0 k=0
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Circular Convolution (2)

N-1 ‘
X,[k] = X x,[n]e 2N
n=0
N-1 .
X,[k] = Xz[n]e—JZka/N k =0,1,--,N—1
n=0
X3[k] = X [Kk]X,[K] k =0,1,--,N-1
— 1 RS RSl ‘N_l + j2ak(m—n-I1)/N N-1
XLkl = ano Xl[n]z:o Xl k=Oe k=0 a* = N (a=1)
1—a”
a = e+J23'r,(m—n—l)/N _ 1_a (a , 1)
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Circular Convolution (2)

eJ N c { ejZn-O/Nl
(m-n-D)y = 0w

-
(m-n))y = 1
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N-1
> e
k=0

1
N~ Y
1
~+1l, -,
1
wt2, e,
j2m-1/N
e’ , ., e
2n(m—n-—I)
J N
e = e
2nk(m—n-I)
J N

N-1

2nk((m—n—1))y

= Y N

k=0
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Circular Convolution

x[2] x[1] x[0] x[3]
x[3] x[1]  x[2] x[0]  x[1] x[3]  x[O] x[2]
x[0] x[3] x[2] x[1]
x[(n—0),4] x[(n—=1),] x[(n—=2),] x[(n—=3)4]
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Circular Convolution
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Circular Convolution
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Octave conv()

conv (a, b)
conv (a, b, shape)

Convolve two vectors a and b.
The length of the output vector : length (a) + length (b) - 1

When a and b are the coefficient vectors of two polynomials,
the convolution represents the coefficient vector of the product polynomial.

The optional shape argument may be
shape = "full"
Return the full convolution. (default)
shape = "same"
Return the central part of the convolution with the same size as a.

See also: deconv conv2 convn fftconv
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Octave fftconv()

fftconv (X, y)
fftconv (x, y, n)

Convolve two vectors using the FFT for computation.

c = fftconv (X, y) returns
a vector of length equal to length (x) + length (y) - 1.

If x and y are the coefficient vectors of two polynomials,
the returned value is the coefficient vector of the product polynomial.

The computation uses the FFT by calling the function fftfilt.
If the optional argument n is specified, an N-point FFT is used.

fftfilt (b, x, n)
With two arguments, fftfilt filters x with the FIR filter b using the FFT.

Given the optional third argument, n,
fftfilt uses the overlap-add method to filter x with b using an N-point FFT.

If X is @ matrix, filter each column of the matrix.
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Linear delay-line buffer

At each time instant,
the data in the delay line are shifted
one memory location ahead.

shifting the data forward
while holding the buffer addresses fixed
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Wrapped linear delay-line buffer

w[1]
X[n-1] v
w[2] x[n-2]  p = x[n] w[0]
. xn3]

w[3]

the data are shifted one location forward

w[1]
X[n|
w[2] x[n-1]  p =#»x[n+1] w[O]
X[n-2]
w([3]

the starting address p is

the buffer addresses are fixed fixed
0 1 2 3 index
P p+1 p+2 p+3 pointer at time n
p p+1 p+2 p+3 pointer at time n+1
X[N] X[n-1], X[n-2], X[n-3] data at time n

X[n+1], X[n], X[n-1], Xx[n-2]

data at time n+1
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Circular delay-line buffer

w[1] w[1]
X[n-1] X[n-1]
w[2] x[n-2]  p = x[n] w[0] w2] x[n-2]  p x[n]  wi[O]
xn-3] v XIn+1]
[ w3
the data are kept fixed the starting address p is
the addresses are shifted backwards shifted backward
0 1 2 3 location index
P p+1l p+2 p+3 pointer at time n
p+1 p+2 p+3 P pointer at time n+1
X[Nn] X[n-1], X[n-2], X[n-3] data at time n
X[n], X[n-1], X[n-2], Xx[n+1] data at time n+1
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Pointer variable p

A pointer variable p
always points to the current input

A buffer address w (or w register)
At each time instant, the buffer (register)
pointed to by p gets loaded

with the current input sample

Xp =X p[0] = x
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= p[2]
= p[3]
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Offset integer g

The pointer p is restricted to lie
within the pointer range of the linear buffer w ,

wspsw+M
always point at somewhere in the w buffer, w[q]
p=w+( =>

*p = p[0]=wlq]

g is an integer that gives the offset of p
from the fixed beginning of the w buffer.

Osqg=sM
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Address pointer p and index g

w[1] w[1] w[1] w[1]
i f R
w[2]  p=w0] w2l p w0] w[2] «=p  w0] w2zl  p  wi0]
¥ X ;
w[3] w[3] w[3] w[3]
n= 0, 1, 2 3,
4, 5, 6, 7,
8, 9, 10, 11,
12, 13,... 14 15,
w[O] =“;*(W+0) W[3] = *(w+3) w[2] =“;*(W+2) W[1] =“;*(W+1)
pwhenqg=0 pwhenq=3 pwhenq=2 pwhenqg=1
M=3

modulo (M+1) = modulo 4
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Address pointer p (moving) and w (fixed)

wWwiNPEFL O QO

w | *(w+0)
oo o
- | w+2 | *(w+2)
wspsw+M p = w+3 | X(w+3)
p=w+q  xp=x(w+q)=wlq] \j WM H(W+M)
0<g=<M

plO] * (p+0)=* (w+3+0)=w][3]

p(1] * (p+1)=* (w+3+1)=w[0]

p[2] * (p+2)=* (Ww+3+2)=w][1]

p[3] * (p+3)=* (w+3+3)=w[2]
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Accessing the buffer wlk] by plil

modulo (3+1)

P
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Address pointer p moves backward

modulo (3+1)

O =1 AN M

4 1/
[
mogy T
clNeolNeolNeoN 1 M
oz
2
L
" = Y,
4 I
N
[
N®els T
O O Ol O 1 M
Uz
=
-
N < Y
e N
o
[l
SNme Lt T
o ooa | M
Uz
=
-
_ Q Y
/7 I
T
SoONm I ©
oaoaoa | M
Uz
=
-
N )

= 2 2 32
! o~
2 2 oz oz
e . . —"
‘_B_Ol?_
/wwww
o = & ™
22 2 2
B
S = AN N <
+ + + + o
>
+ + + + Z
/WWWWm
¥ % ¥ %

* (p+0)
* (p+1)
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Address pointer p

offset index

modulo (M+1) W WVJ\:l :Eai(l)g 2

w+2 | *(w+2 2

wEp=weM 0=aq=M P-W ' w+3 *EW+3§ 3
p=w+q  *p=x(w+q)=w|q]

*(p+i): *(w+q+i):w[q+i] P w+( *(W+q) g

w+M *(w+M) M

p+i=w+(p—w+i)
* (p+i)=* (w+(p—w+i))
=* (w+(q+i))

wl(p—w+i)%(M+1)] = w[(q+i)%(M+1)]
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Accessing w buffer by the pointer p

modulo (M+1) wl(p—w+i)%(M+1)]=w[(q+i)%(M+1)]

offset index

w w | *(w+0) 0
w+1 | *(w+1) 1
w+2 | *(w+2) 2
PW ' w+3 | *(w+3) 3
p w+q | *(w+q) q
p+ p[i]
w+M | *(w+M) M
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Address pointer p moves backward

modulo (M+1)
wl(p—w+i)%(M+1)]= w[(g+i)%(M+1)]

. 0 p moves backward
A 1
: 2 G=03Ma3M 1322310
P 3 LJ
A
A
A
4 v
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Increasing and decreasing the pointer p

decreasing ‘ ‘
address /V w[1] w[1]
p— W[2] W[0] == p-2 p— w[2] W[0] == p+2
w[3] increasing \ w[3]
f address f
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Internal States

w *(w+0)| pl2] | pl-2] 4
“w+d) | p[3] v+ pll |
_ p *w+2)  p[O] ¥ p[O] *
-1=p+3 /
P ;p w+3)| p[L] ¢ p[-3] 1
decreasing
address /V w[1] p=w+_. increasing decreasing
s address address
| 3
SANG p=p+4— W[2] So S, WOl <= p+2=p-2
| o s,
ncreasing A W[3] the state vector
address f
p+1=p-3 s, plo] w[2]
S p[1] w(3]
S) p[2] w[0]
S3 p[3] w(1]
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Address pointer p and incoming inputs

n=0 x0
0
—
0 P / %0
0
n=4 x4
X3
=
X2 J x4
x1

n=1 x1
0
0 ‘i
x1
n=5 x5
X3
X2 ;\i
x5

x0

x4

x1

x5

n=3 X3
>}3
\\‘
x0 X2 P x0
x1
n=7 x8
>}7
\\‘
x4 X6 P x4
x5
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n=0 x0
W x0
0
0
0

p=w+

[X0, O, 0, 0]

n=4 x4
W x4
X3
X2
x1

p=w+

o >

S

[X4, X3, x2, x1]
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n=1

x1

wW

x0

0

0

x1

p=w+

[X1, X0, 0, 0]

n=>5

x5

w

x4

X3

X2

x5

p=w+

[X5,x4,x3,%2]

n=2 X2

w

[X2,x1,x0, O]

p=w+

n=6 X6

w

[X6,X5,x4,x3]

x4

X3

X6

x5

p=w+

©

n=3 x3

w

[X3,x2,x1,x0]

x0

X3

X2

x1

p=w+

n=7 X/

W

[X7,X6,X5,x4]

x4

X7

X6

x5

p=w+

Address pointer p and incoming inputs — linear array view

w NP O

wnN PR O




Internal states over the first 8 steps of n

n q [wO] [wl] [w2] [w3] sO sl s2 s3 sO sl s2 s3
0 0 xO O 0 0 [wO] " [wi] [w2] [w3] xO O 0 0
1 3 x0 O 0 x1  [w3] [wO] [wl] [w2] X1 xO0 O 0
2 2 x0 O x2 x1  [w2] [w3] [wO] [wl] x2 x1 xO O
3 1 x0 x3 x2 x1 @ [wil] [w2] [w3] [w0] x3 x2 x1 xO0
4 0 x4 x3 x2 x1 @ [wO] [wl] [w2] [w3] x4 x3 x2 x1
5 3 x4 x3 x2 x5 [w3] [wO] [wil] [w2] x5 x4 x3 x2
6 2 x4 x3 x6 x5 [w2] [w3] [wO] [wil] x6 x5 x4 x3
7 1 x4 X7 x6 x5 @ [wl] [w2] [w3] [w0] X7 x6 x5 x4
[wO] value at the buffer w0
[wl] value at the buffer wl
[w2] value at the buffer w2 So p[0] [2]
[w3] value at the buffer w3 s p [1] [3]
Sy pl2] 0]
S3 p[3] [1]
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