. The Two Dimensional Heat Equation

Consider the PDE

2
62 +%~%%§A for 0<x<3, 0<y<50<t

!

u(x,0,1) =0, u(x,5,)=0, <x<3, 0<t¢t
u(0,9,1) =0, u(3,y,t)=0, <y<$5 0<¢
u(xy,t)—~sm( x)s1n(5y) for0<x<3 0<y<5
Let u(x,y, 1) = ®(x,y)T(r). We then have
0 | ' 1
( + L= o )f- 4<DT.

Separating variables yields

So
(%?J’%;%) =-A2p for0 < x <3, 0<y<5, and
0 T +4A2T =0 for0 <t

The boundary conditions lead to
O(x,0)T(r) =0
®(x,5)T(r) = 0
®(0,y)T(r) = 0
O3,y)T() =

This means either T(t)=0 (which can’t happen) or the ®(x,y) = 0 on the boundary. That

is
O(x,0) =0
d(x,5) =0
®(0.y) =
®(3.y) =

We now have two problems to worry about
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(x,0) = 0

O(x,5) =0
$(0,y) =0
d3,y) =0

Here we again try ®(x,y) = X(x)Y(y). This means that
X"Y+Y'X = -AXY =

X x

- 2
Y 7= AP for0<x <3 0<y<5s

i
Since X)é—/ is a function of x and YT is a function of y, and their sum is a constant, this

means that %((l =constant, and 1;— = constant. Now the boundary conditions become

P(x,0) =0 = X()Y(0) =0for0 < x < 3
D(x,5) = 0 = X(x)Y(5) =0for0 < x < 3
®(0,y) = 0 = X(0)Y(y) =0for0 <y <5
®(3,y) =0 = X(3)¥(y) =0for0<y<5

Since neither X nor ¥ can be identically equal to zero this means

Y(0) = 0
Y(5) = 0
X(0) =0
X(3) =0

1 ‘£
It seems clear (from our previous experience) that —}%— and —Y}—,- must be negative constants.

Thus we will let X)—;— = -p? and YT” = —vZ. We now end up with

When we consider

—X}—(’L=—u2 forO<x<3 =
2
X(x) = sin(ZZX) with ? = (-”3—”) m=123".
and
—Z};—=—v2 for0<y<s5=

= sin(7y with v2 < (2E\? . _
Ya(y) = sin(ZX) with v _(5) n=1,253



Thus,
Pomn(X,¥) = Xpn(x)Yu(y) = sin( m7zx )sm( Y ) with
s (1) () -
T,,.,,(t) = ¢ () = e—(( ”;” ) +( nsﬂ )2)’ -

u(x,y,t) = Zzamnsm( mnx)ﬁm(.-—)e (( lnn) +(_’.15l)2)r

mee] pe)

Now at ¢ = 0

u(x,y,0) = flx,y) = sm(ﬂ—x) sin(Z Y = ZZ mn Sin( mérx

m=l p=|

)sin(-’%rl) foro < x <3, 0 <y<5
Notice that

a b
J'J-sm( mm‘)sm( y)sm( ‘Da ) sin( q Ydxdy =
00

ab(~1)mm sm(pn)msm(qn)n
w2 (mPn? —miq¥ — pin? 4 g2pty

However, if p = m and q = m then

J.fsm( Ty in( 22 )sm( mAx )sm(—~—-)dydx = -‘Tb

Thus, we can use the idea of Fourier series to get

Ay = ;‘2. j j FCx,y) sin( Ex )sin(ZEZ )y
00

In our case we have

53

A = —145—1_[51n( x)sm( )Sm( m”"7)5111( n”y)dxa’y =0ffm=lne+]
00
53

ay = T45‘”5m( 25 ) sin( 2 z-)sin(Z2E ”x)sm(*l)dxdy =1
00

Thus,

ulx,y, t) = Z.O: i €SI mgrx

m=l el

(12 ACBEY(2£))

u(x,y, 1) = sin(ZX ”x)sm( ~=)e ((”) (75t) )
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> restart:
> uxytl:=sin(Pi*x/3)*sin(y*Pi/5)*exp (- ((Pi/3) "2+ (Pi/5)"2)*t);

34 o
-

uxytl = sin(—;— Ttx) Sin(%yn) e 1)
 > with(plots) :
> animate3d(uxytl,x=0..3,y=0..5,t=0..2, frames=100, shading=zhue);
¥ more advanced
> restart:
> Fr=x*(x-3)*y*(5-y);
L f=x(x—=3)y(5—y) (1.1)
l > fn:=f*gin(m*Pi*x/3) *sin(n*y*Pi/5);
me=x(x=3)y(5—y) sin(—;— mnx) sin(% nyn) (1.2)

' > plot3d(f,x=0..3,y=0..5,axes=box, shading=zhue) ;
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| > anm:=(4/15)*int (int (fn,x=0..3),y=0..5);

l (900 (4 —2 mrsin(mmn) — 4 cos(mn) i sin(mm) nsin(n w)

Canm = -

i 3 603

| m T on
—4cos(nm) —2nmsin(nw) +4cos(mn) cos(nn) +2mnsin(mmn) cos(n )
+ 2 cos(mm) nmsin(n n)))

> assume (n, integer) ;

, > assume (m, integer) ;

> anm;

D" +4(-0)"(-D)")
6 3

m~ T N~

900 (4—4(-1)" —4 (-
3

. > uxytS5:=sum(sum(anm*sin(m*Pi*x/3) *sin(n*y*Pi/5)*exp ((- (m*Pi/3)

*2-(n*Pi/5) "2)*t) ,m=1..5),n=1..5);
34 o
ool il
14400 sin(%‘ nx) Sin(%yn) e %
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Uyl = -
% T

S22,
sin(mx) sin(i yrc) e &
1600 5
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sin(i Ttx) sin(L Tt) eiﬁr,
576 3 57
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(1.3)

1.4

(1.5)



sin —l*nr) sin(i n)e e
1600 S 3T 57
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> with(plots):
. > animate3d{uxyt5,x=0..3,y=0..5,t=0..2, frames=100, axes=box,
shading=zhue) ;
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&> restart:
> £r=x*ry;
f=xy (1.6)
> fn:=f*sin(m*Pi*x/3) *sin(n*y*Pi/5);



ﬁﬂ:xyﬁn(%*mnx)sm(%-nyn) (1.7)

, > anm:=4/15*int (int (fn,x=0..3),y=0..5);

,annu::——j—l~—-(60 (—ﬁn(nin)shﬂrzn)*+cos(nrn)nrnshib1n) (1.8)

2 2
nmn

+sin(mm) cos(nm) nm—cos(mm) T meos(nm) n))
| > assume (n, integer) ;assume (m, integer) ;
> uxyt5:=sum(sum({anm*sin (m*Pi*x/3) *sin (n*y*Pi/5) *exp (- ( {(m*Pi/3)
 *2+(n*Pi/5)"2)*t),m=1..7),n=1..7):
with(plots):

R,

> animateld (uxyt5,x=0..3,y=0..5,t=0..0.5, frames=200, shading=
zhue, axes=box) ;




