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Gaussian Random Processes

Gaussian Random Process

N Gaussian random variables

fX(le'“ 7X/\/;t17"' 7t/\/):

exp{—(1/2) [x = X] [Cx] 72 [x —Y}}

2m)N[Cx])
x X1 x1— X1
X2 _ X2 _ X2—X2
X = X = . [x—X]=
XN yN XN_YN
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Gaussian Random Processes

The Covariance Matrix (1)

N Gaussian random variables

Xi=E[Xi] = E[X(t)]

X1 E[X1] E[X(t1)]
_ X> E[X>] E[X(t2)]
X = : = : = :

Xn E[Xn] E[X(tn)]
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Gaussian Random Processes

The Covariance Matrix (2)

N Gaussian random variables

Ci = Cx;x, = E [(Xi = Xi) (X — X)]

= E[(X(t1) = E[X(t)]) (X(t) — E[X(t:)])]

Cik = Cx;x, = Cxx (ti,tx)
= Rxx(ti, tx) — E[X(t;)] E[X(tx)]
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Gaussian Random Processes

Stationary Gaussian Process
N Gaussian random variables

X;=E[Xi]=E[X(t)] = X = const

Cxx(ti, ti) = Cxx(ti —t;)

Rxx(ti,tk) = Rxx(tx —ti)
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Gaussian Random Processes

Jointly Gaussian Process
N Gaussian random variables

Definition

the two random processes X () and Y(t)

are jointly Gaussian if the random variables

X(t1),...,X(tp) at times t1,..., 1y for X(t) and

Y (]),.., Y(2),) at times ..., ¢}, for Y (t)

are jointly gaussian for any N, t1,...,ty, and M, ¢],....t},
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Gaussian Random Processes

Stationary Gaussian Markov Process
N Gaussian random variables

Cxx( ): G2eil3| ‘

Cxx[ ] = 6287‘ |

a=ePTs
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Poisson Random Process

Poisson Random Process
N Gaussian random variables

p[X(t):k]:()'t):Ie_M7 k=0,1,2,-
oo k o.—At
A()=Y (A1) ® 5(x—k)
=0 k!
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Poisson Random Process

Poisson Random Process - mean and 2nd moment
N Gaussian random variables

< T e koAt
E[X(t)]:/xfx(x)dx:/xzm5(x—k)dx

- =5 k!

o 42 k ,—At
— M:At(l—klt)
=5 k!
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Poisson Random Process

Poisson Random Process - joint probability density

N Gaussian random variables

(ﬂ/ tl)kl e”l t1

P[X(t1) =ki] = PR

ki =0,1,2,-

[A(t, — ty)]ke e (t2mt0)
(ko — k1)!

PIX(t2) = ko|X(11) = k1] =

P(kl,kz) = P[X(tg) = k2|X(t1) = kl] ° P[X(tl) = k]_]

_ (l tl)kl [/l(tz — tl)]kZ*kl ef/ltz
a kl!(k2_k1)!

fx(x1,x2) = Z Z (k1,k2)0(x1—ki)6(x2 — ko)
—0 ko—
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Poisson Random Process

Bernoulli Random Process
N Gaussian random variables

Definition

the Bernoulli random process at sample index n is /[n]
the number of events that have occurred
after sample index 0 and up to n

Xlr] = ¥ /I

tje binomial counting process is an example of what is called
a sum process, since it can be obtained by summing the values
of another random process
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Poisson Random Process

Bernoulli Random Process (2)

N Gaussian random variables

the density function for X[n] is represented by
a binomial density function

n

fx(x) = ), P(k)d(x—k)

k=0
n k n—k
Pt =( 1 )rta-p)
the mean and the variance of the binomial counting process
E[X[n]] = np
Var[X[n]] = np(1—p)




Poisson Random Process

Binomial Counting Process
N Gaussian random variables

fx (x1,x2) = Z Z (ki, k2)8(x1 — k1)d(x2 — k2)
“0ko—

P(kl,kz) = P[x[nl] = kl,X[ng] = k2]

_ n2_n1 nl kz _ nz—kz

(mp)ke ™ _ (At)ke

Pk =" k!
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