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y ′ = xy

separable equation
dy
dx = xy
dy
y = xdx

ln|y |= 1
2x2 + c

|y |= ex2/2+c

y =±ecex2/2

y = Cex2/2



y ′ = xy
y2+1

separable equation
y2+1

y dy = xdx
(y + 1

y )dy = xdx
1
2y2 + ln|y |= 1

2x2 + c
y2 +2ln|y |= x2 +C



x2y ′ = 1− x + y2− x2y2

separable equation
x2y ′ = (1−x2)(1+ y)

y ′
1+y2 = 1−x2

x2

arctan(y) =− 1
x −x + c

y = tan(− 1
x −x + c)



dy
dx = xy2−cos(x)sin(x)

y(1−x2)

exact equation
y(1−x2)dy = (xy2− cos(x)sin(x))dx
(xy2− cos(x)sin(x))dx −y(1−x2)dy = 0
∂ f
∂x = xy2− cos(x)sin(x), ∂ f

∂y =−y(1−x2)

∂ 2f
∂y∂x = ∂ 2f

∂x∂y = 2xy : exact equation !

f (x ,y) =
∫

∂ f
∂y dy =

∫
−y(1−x2)dx =−1

2y2(1−x2)+g(x)
∂ f
∂x = xy2− cos(x)sin(x) = xy2 +g ′(x)
g ′(x) =−cos(x)sin(x)



dy
dx = xy2−cos(x)sin(x)

y(1−x2) ⇒ g ′(x) =−cos(x)sin(x)

method 1
g(x) =

∫
−cos(x)sin(x)dx

h = cos(x), dh =−sin(x)dx
g(x) =

∫
hdy = 1

2h2 + c = 1
2cos2(x)+ c1

method 2
g(x) =

∫
−1

2sin(2x)dx 2cos(x)sin(x) = sin(x + x)
g(x) = 1

4cos(2x)+ c2 cos2(x)− sin2(x) = cos(x + x)
g(x) = 1

4(2cos2(x)−1)+ c2 =
1
2cos2(x)+(−1

4 + c2)

g(x) = 1
2cos2(x)+ c3



dy
dx = xy2−cos(x)sin(x)

y(1−x2) ⇒ f (x ,y) = c

g(x) = 1
2cos2(x)+ c3

f (x ,y) =
∫

∂ f
∂y dy =

∫
−y(1−x2)dx =−1

2y2(1−x2)+g(x)
f (x ,y) =−1

2y2(1−x2)+ 1
2cos2(x)+ c3 = C

1
2y2(1−x2)− 1

2cos2(x) = c



dy
dx = y−x

y+x

substitution x = rcosθ , y = rsinθ

then r =
√

x2 + y2, tanθ = y
x , θ = tan−1( y

x )

dx = ∂x
∂ r dr + ∂x

∂θ
dθ , = cosθdr − rsinθdθ

dy = ∂y
∂ r dr + ∂y

∂θ
dθ , = sinθdr + rcosθdθ

dy
dx = y−x

y+x =⇒ (y + x)dy = (y −x)dx
r(sinθ + cosθ)dy = r(sinθ − cosθ)dx
(sinθ + cosθ)(sinθdr + rcosθdθ) = (sinθ − cosθ)(cosθdr − rsinθdθ)

(sin2θ + cosθsinθ)dr + r(sinθcosθ + cos2θ)dθ =

(sinθcosθ − cos2θ)dr + r(−sin2θ + cosθsinθ)dθ

(sin2θ + cos2θ)dr + r(cos2θ + sin2θ)dθ = 0
dr/r +dθ = 0



dy
dx = y−x

y+x ⇒ dr/r +dθ = 0

separable equation dr
r +dθ = 0

back substitute r =
√

x2 + y2, θ = tan−1( y
x )

into ln|r |+θ = 0
ln|x2 + y2|1/2 + tan−1( y

x ) = c
ln(x2 + y2)+2tan−1( y

x ) = c
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