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Complex Exponentials 

c1e
−σ t e+i ω t + c2e

−σ t e−iω t

c3e
−σ t cos(ω t ) + c4e

−σ t sin (ω t )

= e−σ t (c1e
+i ω t + c2e

−iω t)

= e−σ t
[(c1 + c2)cos(ω t ) + i(c1 − c2) sin(ω t)]

= e−σ t [c1(cos(ω t) + isin (ω t )) + c2(cos(ω t) − i sin(ω t ))]

= c3e
−σ t

(e+i ω t
+e−iω t

)/2 + c4e
−σ t

(e+iω t
−e−iω t

)/2 i

= c3e
−σ t cos(ω t ) + c4e

−σ t sin(ω t)

=
(c3−c4 i)

2
e−σ t e+iω t

+
(c3+c4 i)

2
e−σ t e−i ω t

= c1e
−σ t e+iω t

+ c2e
−σ t e−iω t

(c1 + c2) = c3

i(c1 − c2) = c4

(c3−c4 i)
2

= c1

(c3+c4 i)
2

= c2

= c3e
−σ t

(e+i ω t
+e−iω t

)/2 + c4e
−σ t

(−i e+iω t
+i e−iω t

)/2
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Complex Exponentials

(c1 + c2) = c3

i (c1 − c2) = c4

c1 =
(c3−c4 i )

2

c2 =
(c3+c4 i)

2

c3e
−σ t cos(ω t ) + c4e

−σ t sin (ω t )

c3e
−σ t cos(ω t ) + c4e

−σ t sin (ω t )

c1e
−σ t e+i ω t

+ c2e
−σ t e−iω t

c1e
−σ t e+i ω t

+ c2e
−σ t e−iω t
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Basis of the Complex Plane

k1 e
+ jθ

+ k2 e
+ j θ

every complex number can be represented by 

linear combination of        and 
which are one set of linear independent 
two vectors

Basis : a set of linear independent spanning vectors

e+ jθ e+ jθe+ j θ

e− j θ

jsinθ

cosθ

e+ j θ

e− j θ

cosθ

j sinθ
l1 cosθ + l2 j sin θ

every complex number can also be represented by 

l1 cosθ + l2 jsinθ
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Real Coefficients C
1
 & C

2
 

c3 = (c1 + c2)

c4 = i(c1 − c2)

c3cos(ω t) + c4 sin (ω t )c1e
+iω t + c2e

−i ω t

1⋅e+i ω t + 0⋅e−iω t

1

√2⋅e
+i ω t + 1

√2⋅e
−i ω t

0⋅e+iω t + 1⋅e−iω t

−1

√2⋅e
+i ω t + 1

√2⋅e
−i ω t

−1⋅e+iω t + 0⋅e−iω t

−1

√2⋅e
+i ω t + −1

√2⋅e
−iω t

0⋅e+iω t − 1⋅e−iω t

1

√2⋅e
+i ω t + −1

√2⋅e
−i ω t

1⋅cos(ω t ) + 1 i⋅sin (ω t)

√2⋅cos(ω t ) + 0 i⋅sin (ω t )

1⋅cos(ω t ) − 1 i⋅e−σ t sin (ω t )

0⋅cos(ω t ) − √2 i⋅sin (ω t )

−1⋅cos(ω t) − 1 i⋅sin (ω t)

−√2⋅cos(ω t ) − 0 i⋅sin(ω t )

−1⋅cos(ω t) + 1 i⋅sin (ω t )

0⋅cos(ω t) + √2 i⋅sin (ω t)

c1 = (c3−c4 i)/2
c2 = (c3+c4 i)/2

e+iω t

e−iω t

(c1e
−σ t , c2e

−σ t
)

cos(ω t )

isin (ω t )

(c3 e
−σ t , c4 e

−σ t
)

real number

real number

real number

imaginary number
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Complex Plane Basis

c3 ' = (c1 + c2)

c4 ' = (c1 − c2)

c3 ' cos(ω t) + c4 ' isin (ω t )c1e
+iω t

+ c2e
−i ω t

1⋅e+i ω t
+ 0⋅e−iω t

1

√2
⋅e+i ω t + 1

√2
⋅e−i ω t

0⋅e+iω t + 1⋅e−iω t

−1

√2
⋅e+i ω t + 1

√2
⋅e−i ω t

−1⋅e+iω t
+ 0⋅e−iω t

−1

√2
⋅e+i ω t + −1

√2
⋅e−iω t

0⋅e+iω t − 1⋅e−iω t

1

√2
⋅e+i ω t + −1

√2
⋅e−i ω t

1⋅cos(ω t ) + 1 i⋅sin(ω t)

√2⋅cos(ω t ) + 0 i⋅sin (ω t )

1⋅cos(ω t ) − 1 i⋅sin (ω t)

0⋅cos(ω t ) − √2 i⋅sin (ω t )

−1⋅cos(ω t) − 1 i⋅sin (ω t)

−√2⋅cos(ω t ) − 0 i⋅sin(ω t)

−1⋅cos(ω t) + 1 i⋅sin (ω t )

0⋅cos(ω t) + √2 i⋅sin (ω t)

c1 = (c3 '+c4 ' )/2

c2 = (c3 '−c4 ' )/2

e+iω t

e−iω t
(c1 , c2)

cos (ω t)

isin (ω t )(c3 , c4)

real number

real number

real number

real numberC1

complex plane
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Real Coefficients C
3
 & C

4
 

(+1−0 i)
2 ⋅e+iω t +

(+1+0 i )
2 ⋅e−iω t

(+1−i)

2√2 ⋅e+iω t +
(+1+i )

2√2 ⋅e−iω t

(0−i)
2 ⋅e+i ω t +

(0+i)
2 ⋅e−i ω t

(−1−i)

2√2 ⋅e+i ω t +
(−1+i)

2√2 ⋅e−i ω t

(−1−0 i)
2 ⋅e+i ω t +

(−1+0 i)
2 ⋅e−i ω t

(−1+i )

2√2 ⋅e+i ω t +
(−1−i)

2√2 ⋅e−i ω t

(0+i )
2 ⋅e+i ω t +

(0−i)
2 ⋅e−i ω t

(+1+i)

2√2 ⋅e+i ω t +
(+1−i )

2√2 ⋅e−iω t

1⋅cos(ω t) + 0⋅sin(ω t)

1

√2
⋅cos(ω t ) + 1

√2
⋅sin(ω t )

0⋅cos(ω t ) + 1⋅sin(ω t)

−1

√2
⋅cos(ω t ) + 1

√2
⋅sin (ω t )

−1⋅cos(ω t ) + 0⋅sin(ω t )

−1

√2
⋅cos(ω t ) + −1

√2
⋅sin (ω t)

0⋅cos(ω t) − 1⋅sin (ω t)

1

√2
⋅cos(ω t) − 1

√2
⋅sin (ω t )

real plane

c3 = (c1 + c2)

c4 = i(c1 − c2)

c1 = (c3−c4 i)/2
c2 = (c3+c4 i)/2

real number

real number

+2∗real part

−2∗imag part

cos(ω t)

sin(ω t)(c3 , c4)

R2

c3cos(ω t) + c4 sin (ω t )c1e
+iω t

+ c2e
−i ω t

complex number

conjugate
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Real Coefficients C
3
 & C

4
 

√c3
2+c4

2 = A
c3

√c3
2+c4

2
= cos(ϕ)

c4

√c3
2+c4

2
= sin(ϕ)

A cos(ω t − ϕ)

c3 = (c1 + c2)

c4 = i(c1 − c2)

c1 = (c3−c4 i )/2
c2 = (c3+c4 i)/2

real number

real number

+2∗real part

−2∗imag partR2

c3cos(ω t) + c4 sin(ω t)c1e
+iω t

+ c2e
−i ω t

complex number

conjugate

c3cos(ω t) + c4 sin (ω t )
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C1 and R2 Spaces

c3 = (c1 + c2)

c4 = i(c1 − c2)

c3cos(ω t) + c4 sin (ω t )

c1 = (c3−c4 i )/2
c2 = (c3+c4 i)/2 complex number

real number

real number

conjugate
+2∗real part

−2∗imag part

c3 = (c1 + c2)

c4 = (c1 − c2)

c3cos(ω t) + c4 i sin(ω t )c1e
+iω t

+ c2e
−i ω t

c1 = (c3+c4)/2
c2 = (c3−c4)/2

real number

real number

real number

real number

C1

R2

c1e
+iω t

+ c2e
−i ω t

cos(ω t)

isin (ω t )

cos (ω t)

sin(ω t)



Higher Order ODEs (3B) 11 Young Won Lim
12/26/15

Signal Spaces and Phasors

c3 = (c1 + c2)

c4 = i(c1 − c2)

c3cos(ω t) + c4 sin (ω t )

c1 = (c3−c4 i )/2
c2 = (c3+c4 i)/2 complex number

real number

real number

conjugate
+2∗real part

−2∗imag part

R2

c1e
+iω t

+ c2e
−i ω t

cos (ω t)

sin(ω t)
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Roots of the Auxiliary Equation

y = emx
try a solution (am2

+ bm + c) = 0

auxiliary equation

m1 = (−b + √b2
−4ac)/2a

m2 = (−b − √b2
−4ac)/2a

Real, distinct m
1
, m

2

Real, equal m
1
, m

2

Conjugate complex  m
1
, m

2

b2
−4ac > 0

b2
−4ac = 0

b2
−4ac < 0

Homogeneous Second Order DEs with Constant Coefficients

a
d2 y
d x2 + b

d y
d x

+ c y = 0 a y ' ' + b y ' + c y = 0

(A)

(B)

(C)

y1 = em1 x , y2 = em2 x

y1 = em1 x , y2 = em2 x

y1 = em1 x = y2 = em2 x
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Homogeneous Second Order DEs with Constant Coefficients

a
d2 y
d x2 + b

d y
d x

+ c y = 0 a y ' ' + b y ' + c y = 0

d2 y

d x2
+

b
a

d y
d x

+
c
a

y = 0
d2 y

d x2
+ 2λ

d y
d x

+ ω2 y = 0 λ =
b
2a

ω
2
=

c
a

D = ( ba )
2

−4 ( ca )
D = (b2−4 ac ) D = λ2−ω2

D = (2λ )
2
−4ω

2

m1 =
−b + √b2

−4 ac
2a

m2 =
−b − √b2

−4 ac
2a

m1 =−λ + √λ
2
−ω

2

m2 =−λ − √λ
2
−ω

2
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Homogeneous Second Order DEs with Constant Coefficients

e−λ t
(c1e

+√λ2−ω2 t + c2e
−√λ2−ω2 t)

−λ −λ −λ

−√λ2−ω2 (λ
2
−ω

2
)= 0+√λ2−ω2

+√ω
2
−λ

2 i

−√ω
2
−λ

2i

e−λ t
(c1 + c2 t) e−λ t (c1cos√λ2−ω2 t + c2sin √λ2−ω2 t )

y (t) y (t) y (t)overdamped critically damped underdamped 

d2 y

d x2
+

b
a

d y
d x

+
c
a

y = 0
d2 y

d x2
+ 2λ

d y
d x

+ ω2 y = 0 λ =
b
2a

ω2 =
c
a
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−λ

λ2 < ω2

e−λ t (c1 + c2 t )

y (t)critically damped λ2 = ω2

e−λ t
(c1e

+√λ2−ω2 t + c2e
−√λ2−ω2 t)

y (t)overdamped

λ2 > ω2

e−λ t
(c1cos√λ

2
−ω

2 t + c2sin √λ
2
−ω

2 t)

y (t)underdamped 

real m
1
, m

2

complex m
1
, m

2

real  m
1
 = m

2

λ2 > ω2

λ
2
< ω

2for a given  
increasing 

λ
ω
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λ
2
< ω

2

λ
+ω−ω

λ
2
< ω

2

λ2 > ω2 λ2 > ω2

e−λ t
(c1e

+√λ2−ω2 t + c2e
−√λ2−ω2 t)

y (t)overdamped

e−λ t
(c1cos√λ

2
−ω

2 t + c2 sin √λ
2
−ω

2 t )

y (t)underdamped e−λ t
(c1 + c2 t)

y (t)critically damped 

λ
2
= ω

2

real m
1
, m

2
m

1
 = m

2

real m
1
, m

2
complex m

1
, m

2
m

1
 = m

2

for a given  
increasing λ

ω
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Homogeneous Second Order DEs with Constant Coefficients

d2 y

d x2
+

b
a

d y
d x

+
c
a

y = 0
d2 y

d x2
+ 2λ

d y
d x

+ ω2 y = 0 λ =
b
2a

ω2 =
c
a

λ = 1 ω = 1

λ = 1 ω = 1/2

λ = 1 ω = 2

y ' ' + 2 y ' + y /4 = 0

y ' ' + 2 y ' + y = 0

y ' ' + 2 y ' + 4 y = 0

y = c1e
(−1+√3/2)t

+ c2e
(−1−√3/2)t

y = c1e
−t

+ c2 t e
−t

y = c1e
(−1+√3 i)t + c2e

(−1−√3 i)t

= e−t (c3cos(√3 t ) + c4 sin(√3 t))
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y1(t) = e(−1+√3 /2)t
+ e(−1−√3/2)t

y2(t ) = e−t + t e−t

y3(t ) = e−t (cos(√3 t ) + sin (√3 t))

λ = 1 ω = 1

λ = 1 ω = 1/2

λ = 1 ω = 2
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Homogeneous Second Order DEs with Constant Coefficients

d2 y

d x2
+

b
a

d y
d x

+
c
a

y = 0
d2 y

d x2
+ 2λ

d y
d x

+ ω2 y = 0 λ =
b
2a

ω2 =
c
a

λ = 1 ω = 1

λ = 2 ω = 1

λ = 1/2 ω = 1

y ' ' + 4 y ' + y = 0

y ' ' + 2 y ' + y = 0

y ' ' + y ' + y = 0

y = c1e
(−2+√3)t

+ c2e
(−2−√3)t

y = c1e
−t

+ c2 t e
−t

y = c1e
(−1+√3 i)/2 t + c2 e

(−1−√3i )/2 t

= e−t /2(c3cos(√3/2 t) + c4 sin(√3/2 t))
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λ = 1 ω = 1

λ = 2 ω = 1

λ = 1/2 ω = 1

y1(t) = c1e
(−2+√3)t + c2e

(−2−√3)t

y2(t ) = c1e
−t

+ c2 t e
−t

y3(t ) = e−t /2(c3cos(√3/2 t) + c4 sin(√3/2 t))
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