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Derivatives

http://en.wikipedia.org/wiki/Derivative
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Unit Circle Geometry

θ

θ

1 sin (θ)

cos(θ)

θ

1 tan (θ)tan (θ) =
sin (θ)

cos (θ)

1

θ =
l

2π r
2 π =

l
r

= l (rad )

r = 1 sin (θ) θ tan (θ)

sin (θ) < θ < tan (θ)

0 < θ < π/2
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Inequalities 

θ

θ =
l

2π r
2 π =

l
r

= l (rad )

r = 1 sin (θ) θ tan (θ)

sin (θ) < θ < tan (θ)

0 < θ < π/2

sin (θ)
θ

< 1 <
tan (θ)

θ
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Sinc(x) 

0 < sin (θ) < 10 < sin (θ) < 1

−1 < sin (θ) < 0−1 < sin (θ) < 0

1 < θ

θ < 1

sin (θ)
θ

< 1 if θ≠0
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Sin(x) / x 

θ

θ =
l

2π r
2 π =

l
r

= l (rad )

r = 1 sin (θ) θ tan (θ)

sin (θ) < θ < tan (θ)

0 < θ ≪ 1

sin (θ)
θ

< 1 <
tan (θ)

θ

1 <
tan (θ)

θ
cos(θ) <

sin (θ)
θ

cos(θ) <
sin (θ)

θ
< 1

lim
θ→0

sin(θ)
θ

= 1
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(1 – cos(x)) / x 

θ

r = 1

0 < θ < π/2

θ

r = 1

0 < θ ≪ 1

cos(θ) 1−cos(θ)

1−cos(θ)

sin (θ)

θ

θ1−cos(θ)
θ

1−cos(θ)
θ

1+cos(θ)

1+cos(θ)
=

1−cos2(θ)

θ(1+cos(θ))

=
sin(θ)

θ
sin (θ)

1
(1+cos(θ))

lim
θ→0

1−cos(θ)
θ

= 0
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sin(x) / x, cos(x) / x, (1 – cos(x)) / x 

sin (θ)
θ

1−cos(θ)
θ

cos(θ)
θ
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The Derivative of the Sine Function

d
d x

f (x) = lim
h→0

f (x+h) − f (x)
h

d
d x

sin(x) = lim
h→0

sin(x+h) − sin (x)
h

= lim
h→0

sin (x)cos(h) + cos(x)sin (h)− sin(x)
h

= lim
h→0

sin (x)(cos(h) − 1) + cos(x)sin(h)
h

= sin(x) lim
h→0

(cos(h) − 1)

h
+ cos(x) lim

h→0

sin (h)
h

= cos(x)
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The Derivative of the Cosine Function

d
d x

f (x) = lim
h→0

f (x+h) − f (x)
h

d
d x

cos(x) = lim
h→0

cos(x+h) − cos(x)
h

= lim
h→0

cos(x)cos(h)− sin (x)sin(h) − cos(x)
h

= lim
h→0

cos(x)(cos(h) − 1) − sin (x)sin (h)
h

= cos(x)lim
h→0

(cos(h) − 1)

h
− sin(x)lim

h→0

sin(h)
h

= −sin (x)
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The Derivative of the Tangent Function

d
d x

f (x) = lim
h→0

f (x+h) − f (x)
h

d
d x

tan (x) =
d
d x ( sin(x)

cos(x) )

=
[sin(x)]' cos(x)−sin(x)[cos(x)] '

cos2
(x)

=
cos2(x)+sin2(x)

cos2
(x)

=
1

cos2
(x)

= sec2
(x)
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Derivative of sin(x)

f (x) = sin(x)

+1 0 -1 0 +1 0 -1 0 +1 0 -1 0 slope

d
d x

f (x ) = cos (x )

leads
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Derivative of cos(x)

f  x = cos  x

0 -1 0 +1 0 -1 0 +1 0 -1 0 +1 slope

d
d x

f  x  = −sin  x 

leads
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The Derivative of the Inverse Sine Function

g ' ( y) =
1

cos(x)
f ' (x)= cos(x) y = sin(x)

f ' (x )g' ( y ) = cos(x )⋅
1

cos(x)
= 1

g ' ( y) =
1

cos(x)
x = sin−1

( y)

g ' ( y) =
1

cos(sin−1
( y))

g ' (x) =
1

cos(sin−1
(x))

x ← y
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The Derivative of the Inverse Sine Function

y = sin(x)

g ' (x) =
1

f ' (g(x))
=

1

cos(sin−1
(x))

x = sin( y) −π
2

< y < +π
2

−1 < x < +1

y = sin−1(x)

f (x) = sin(x) g(x) = sin−1
(x)

=
1

cos( y)

y = sin−1
(x)

=
1

√1−sin2( y)

cos( y) = √1−sin2
( y )

x = sin( y)

=
1

√1−x2

d
d x

sin−1
(x)

f ' (x)= cos(x)
x

y

x
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arcsin(x)

−π
2

< y < +π
2

−1 < x < +1

=
1

√1−x2

d
d x

sin−1
(x)



Trigonometric Function  (5B) 18 Young Won Lim
1/1/16

 

 

 

The Derivative of the Inverse Cosine Function

y = cos(x)

g ' (x) =
−1

f ' (g(x))
=

−1

sin (cos−1
(x))

x = cos( y) 0 < y < +π −1 < x < +1

y = cos−1
(x)

f (x) = cos(x) g(x) = cos−1(x)

=
−1

sin ( y)

y = cos−1
(x)

=
−1

√1−cos2( y)

sin ( y )= √1−cos2
( y )

x = cos( y)

=
−1

√1−x2

d
d x

cos−1(x)

f ' (x)=−sin (x)
x

y

x
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arccos(x)

−0 < y < +π

−1 < x < +1

=
−1

√1−x2

d
d x

cos−1(x)



Trigonometric Function  (5B) 20 Young Won Lim
1/1/16

 

 

 

The Derivative of the Inverse Tangent Function

y = tan (x)

g ' (x) =
1

f ' (g(x))
=

1

sec2
(tan−1

(x))

x = tan ( y) +π
2

< y <−π
2

−∞ < x < +∞

y = tan−1
(x)

f (x) =tan (x) g(x) = tan−1(x)

=
1

sec2
( y)

y = tan−1
(x)

=
1

1+ tan2( y)

sec2
( y )= 1+ tan2

( y )

x = tan ( y)

=
1

1+x2

d
d x

tan−1(x)

f ' (x)= sec2
(x) x

y

x
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arctan(x)
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Integration
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Inverse Relations

http://en.wikipedia.org/wiki/Derivative
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Derivatives of inverse trigonometric functions

y = arcsin x

−π
2

≤ y < + π
2

sin y = x

d
dx

(sin y) =
d
dx

x

=
1

√ 1 − x2

y = arccos x

0 ≤ y < + π

cos y = x

d
dx

(cos y) =
d
dx

x

=
−1

√ 1 − x2

y = arctan x

−π
2 ≤ y < + π

2

tan y = x

d
dx ( sin y

cos y ) =
d
dx

x

=
1

1 + x2

(cos y)⋅ y ' = 1

y ' =
1

cos y
=

1

√ 1 − x 2

d y
dx

=
d
dx

(arcsin x)

(−sin y)⋅ y ' = 1

y ' =
−1

sin y
=

−1

√ 1 − x2

d y
dx

=
d
dx

(arccos x)

cos2 y⋅ y '+ sin2 y⋅ y '

cos2 y
= 1

(1 + tan2 y)⋅ y ' = 1

d y
dx

=
d
dx

(arctan x)
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